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Preface 


The creative process of mathematics, both historically and individually, 
may be described as a counterpoint between theorems and examples. Al- 
though it would be hazardous to claim that the creation of significant 
examples is less demanding than the development of theory, we have dis-. 
covered that focusing on examples is a particularly expeditious means of 
involving undergraduate mathematics students in actual research. Not only 
are examples more concrete than theorems—and thus more accessible—but 
they cut across individual theories and make it both appropriate and neces- 
sary for the student to explore the entire literature in journals as well as 
texts. Indeed, much of the content of this book was first outlined by under- 
graduate research teams working with the authors at Saint Olaf College 
during the summers of 1967 and 1968. 

In compiling and editing material for this book, both the authors and 
their undergraduate assistants realized a substantial increment in topologi- 
cal insight as a direct result of chasing through details of each example. We 
hope our readers will have a similar experience. Each of the 143 examples in 
this book provides innumerable concrete illustrations of definitions, theo- 
rems, and general methods of proof. There is no better way, for instance, to 
learn what the definition of metacompactness really means than to try to 
prove that Niemytzki’s tangent disc topology is not metacompact. 

The search for counterexamples is as lively and creative an activity as 
can be found in mathematics research. Topology particularly is replete 
with unreported or unsolved problems (do you know an example of a 
Hausdorff topological space which is separable and locally compact, but 
not o-compact?), and the process of modifying old examples or creating 
new ones requires a wild and uninhibited geometric imagination. Far from 
providing all relevant examples, this book Provides a context in which to 
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usk new questions and seck new answers. We hope that each reader will 
share (and not just vicariously) in the excitement of the hunt. 


Counterezamples in Topology was originally designed, not as a text, but 
as a course supplement and reference work for undergraduate and graduate 
students of general topology, as well as for their teachers. For such use, the 
reader should scan the book and stop occasionally for a guided tour of the 


to a standard textbook and found it to be a valuable aid. 

There are, however, two rather different circumstances under which this 
monograph could most appropriately be used as the exclusive reference in 
a topology course. An instructor who wishes to develop his own theory in 
class lecture may well find the succinet exposition which precedes the 
examples an appropriate minimal source of definitions and structure. On 
the other hand, Countereramples in Topology may provide sufficiently few 
proofs to serve as a basis for an inductive, Moore-type topology course. In 
either case, the book gives the instructor the flexibility to design his own 
course, and the students a wealth of historically and mathematically sig- 
nificant examples. 


A counterexample, in its most restricted sense, is an example which dis- 
proves a famous conjecture. We choose to interpret the word more broadly, 
particularly since all examples of general topology, especially as viewed by 
beginning students, stand in contrast to the canon of the real line. So in 
this sense any example which in some respect stands opposite to the reals 
is truly a Gegenbeispiel. Having said that, we should offer some rationale 
fer our inclusions and omissions. In general we opted for examples which 
were necessary to distinguish definitions, and for famous, well known, or 
simply unusual examples even if they exhibited no new properties. Of course, 
what is well known to others may be unknown to us, so we acknowledge 
with regret the probable omission of certain deserving examples. 

In choosing among competing definitions we generally adopted the 
strategy of making no unnecessary assumptions. With rare exception 
therefore, we define all properties for all topological spaces, and not just 
for, for instance, Hausdorff spaces. 

Often we give only a brief outline or hint of a proof; this is intentional, but 
we caution readers against inferring that we believe the result trivial. 
Rather, in most cases, we believe the result to be a worthwhile exercise 
which could be done, using the hint, in a reasonable period of time. Some 
of the more difficult steps are discussed in the Notes at the end of the book. 

The examples are ordered very roughly by their appropriateness to the 
definitions as set forth in the first section. This is a very crude guide whose 
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only reliable consequence is that the numerical order has no correlation 
with the difficulty of the example. To aid an instructor in recommending 
examples for study, we submit the following informal classification hy 
sophistication: 


Elementary: 1-25, 27-28, 30-34, 38, 40-47, 49-50, 52-59, 62-t4, 
73-74, 81, 86-89, 97, 104, 109, 115-123, 132-135, 137, 
139-140. 

Intermediate: 26, 29, 35-37, 39, 48, 51, 65-72, 75-80, 82-85, 90-11, 
93-96, 98-102, 105-108, 113-114, 124, 126-127, 130, 136, 
138, 141, 

Advanced: 60-61, 92, 103, 110 112, 125, 128-129, 131, 142, 143, 

The discussion of each example is geared to its general level: what is proved 

in detail in an elementary example may be assumed without comment in a 

more advanced example. 

In many ways the most useful part of this book for reference may be the 
appendices. We have gathered there in tabular form a composite Picture 
of the most significant counterexamples, so a person who is searching for 
Hausdorff nonregular spaces can easily discover a few. Notes are provided 
which in addition to serving as a guide to the Bibliography, provide added 
detail for many results assumed in the first two sections. A collection of 
problems related to the examples should prove most helpful if the book is 
used as a text. Many of the problems ask for justification of entries in the 
various tables where these entries are not explicitly discussed in the example. 
Many easy problems of the form “justify the assertion that . . .” have not 
been listed, since these can readily be invented by the instructor according 
to his own taste. 

In most instances, the index includes only the initial (or defining) use of 
a term. For obvious reasons, no attempt has been made to include in the 
index all occurrences of a property throughout the book. But the General 
Reference Chart (pp. 170-179) provides a complete cross-tabulation of 
examples with properties and should facilitate the quick location of exam- 
ples of any specific type. The chart was prepared by an IBM 1130 using a 
program which enables the computer to derive, from the theorems dis- 
cussed in Part I, the properties for each example which follow logically 
from those discussed in Part I. . 

Examples are numbered consecutively and referred to by their numbers 
in all charts. In those few cases where a minor but inelegant modification of 
an example is needed to produce the desired concatenation of properties, 
we use a decimal to indicate a particular point within an example: 23.17 
means the 17th point in Example 23. 


The research for this book was begun in the summer of 1967 by an under- 
graduate research group working with the authors under a grant from the 
National Science Foundation. This work was continued by the authors 
with support from a grant by the Research Corporation, and again in the 
summer of 1968 with the assistance of an N.S.F. sponsored undergraduate 
research group. The students who participated in the undergraduate re- 
search groups were John Feroe, Gary Gruenhage, Thomas Leffler, Mary 
Malcolm, Susan Martens, Linda Ness, Neil Omvedt, Karen Sjoquist, and 
Gail Tverberg. We acknowledge that theirs was a twofold contribution: 
not only did they explore and develop many examples, but they proved by 
their own example the efficacy of examples for the undergraduate study of 
topology. 

Finally, we thank Rebecca Langholz who with precision, forbearance, and 
unfailing good humor typed in two years three complete preliminary edi- 
tions of this manuscript. 


Northfield, Minnesota 
January 1970 


Lynn A. Steen 
J. Arthur Seebach, Jr. 


Preface 


Part I 
1 


» 


Contents 


e 


BASIC DEFINITIONS 


General Introduction 3 
Limit Points 5 

Closures and Interiors 6 
Countability Properties 7 
Functions 7 

Filters 9 


. Separation Axioms 11 


Regular and Normal Spaces 12 
Completely Hausdorff Spaces 13 
Completely Regular Spaces 13 
Functions, Products, and Subspaces 14 
Additional Separation Properties 16 
Compactness 18 

Global Compactness Properties 18 
Localized Compactness Properties 20 
Countability Axioms and Separability 21 
Paracompactness 22 

Compactness Properties and T, Axioms 24 
Invariance Properties 26 
Connectedness 28 

Functions and Products 31 
Disconnectedness 31 

Biconnectedness and Continua 33 


ica tine 


5. 


Part Il 


Metric Spaces 34 
Complete Metric Spaces 36 
Metrizability 37 
Uniformities 37 

Metric Uniformities 38 


COUNTEREXAMPLES 
Finite Discrete Topology 41 


. Countable Discrete Topology 41 

- Uncountable Discrete Topology 41 

- Indiserete Topology 42 

. Partition Topology 43 

- Odd-Even Topology 43 

- Deleted Integer Topology 43 

. Finite Particular Point Topology 44 

- Countable Particular Point Topology 44 

. Uncountable Particular Point Topology 44 
. Sierpinski Space 44 

. Closed Extension Topology 44 

. Finite Excluded Point Topology 47 

. Countable Excluded Point Topology 47 

- Uncountable Excluded Point Topology 47 
. Open Extension Topology 47 

- Either-Or Topology 48 

. Finite Complement Topology on a Countable Space 49 
- Finite Complement Topology on an Uncountable Space 49 
. Countable Complement Topology 50 

- Double Pointed Countable Complement Topology 50 
. Compact Complement Topology 51 

- Countable Fort Space 52 

- Uncountable Fort Space 52 

- Fortissimo Space 53 

. Arens-Fort Space 54 

- Modified Fort Space 55 

- Euclidean Topology 56 

. The Cantor Set 57 

. The Rational Numbers 59 

- The Irrational Numbers 59 

. Special Subsets of the Real Line 60 

- Special Subsets of the Plane 61 

- One Point Compactification Topology 63 


- One Point Compactification of the Rationals 63 
- Hilbert Space 64 

- Fréchet Space 64 

- Hilbert Cube 65 

. Order Topology 66 

- Open Ordinal Space [0,P) (T < 2) 68 

- Closed Ordinal Space fr) (7 <9) 68 
- Open Ordinal Space [0,2) 68 

. Closed Ordinal Space [0,0] 68 

- Uncountable Discrete Ordinal Space 70 
. The Long Line 71 

. The Extended Long Line 71 

- An Altered Long Line 72 

. Lexicographic Ordering on the Unit Square 73 
. Right Order Topology 74 

. Right Order Topology on R74 

- Right Half-Open Interval Topology 75 
- Nested Interval Topology 76 

. Overlapping Interval Topology 77 

. Interlocking Interval Topology 77 

- Hjalmar Ekdal Topology 78 

. Prime Ideal Topology 79 

. Divisor Topology 79 

. Evenly Spaced Integer Topology 80 

. The p-adic Topology on Z 81 

. Relatively Prime Integer Topology 82 
. Prime Integer Topology 82 

- Double Pointed Reals 84 

- Countable Complement Extension Topology 85 
- Smirnov’s Deleted Sequence Topology 86 
- Rational Sequence Topology 87 

. Indiscrete Rational Extension of R 88 
- Indiscrete Irrational Extension of R 88 
- Pointed Rational Extension of R 88 

- Pointed Irrational Extension of R 88 

. Discrete Rational Extension of R 90 

- Discrete Irrational Extension of R 90 

. Rational Extension in the Plane 91 

- Telophase Topology 92 

- Double Origin Topology 92 

. Irrational Slope Topology 93 

. Deleted Diameter Topology 94 


Contents xi 


xii Contents 

. Deleted Radius Topology 94 

. Half-Dise Topology 96 

. Irregular Lattice Topology 97 

. Arens Square 98 

. Simplified Arens Square 100 

. Niemytzki’s Tangent Dise Topology 100 
. Metrizable Tangent Disc Topology 103 
. Sorgenfrey’s Half-Open Square Topology 103 
. Michael’s Product Topology 105 

. Tychonoff Plank 106 

. Deleted Tychonoff Plank 106 

. Alexandroff Plank 107 

. Dieudonne Plank 108 

. Tychonoff Corkscrew 109 

. Deleted Tychonoff Corkscrew 109 

. Hewitt’s Condensed Corkscrew 111 

. Thomas’ Plank 113 

. Thomas’ Corkscrew 113 

. Weak Parallel Line Topology 114 

. Strong Parallel Line Topology 114 

. Concentric Circles 116 

. Appert Space 117 

. Maximal Compact Topology 118 

. Minimal Hausdorff Topology 119 

. Alexandroff Square 120 

. 2% 121 

. Uncountable Products of Z+ 123 

. Baire Product Metric on R* 124 

JF 125 

(0,0) x IF 126 

. Helly Space 127 

. C[0,1] 128 

. Boolean Product Topology on Re 128 
. Stone-Cech Compactification 129 


. Stone-Cech Compactification of the Integers 132 


. Novak Space 134 
. Strong Ultrafilter Topology 135 


. Single Ultrafilter Topology 136 


. Nested Rectangles 137 

. Topologist’s Sine Curve 137 

. Closed Topologist’s Sine Curve 137 

. Extended Topologist’s Sine Curve 137 


Part Hl 


. The Infinite Broom 139 

. The Closed Infinite Broom 139 

. The Integer Broom 140 

. Nested Angles 140 

. The Infinite Cage 141 

. Bernstein’s Connected Sets 142 

. Gustin’s Sequence Space 142 

. Roy’s Lattice Space 143 

. Roy’s Lattice Subspace 143 

. Cantor’s Leaky Tent 145 

. Cantor’s Teepee 145 

. A Pseudo-Are 147 

. Miller’s Biconnected Set 148 

. Wheel without Its Hub 150 

. Tangora’s Connected Space 150 

. Bounded Metrics 151 

. Sierpinski’s Metric Space 152 

. Dunean’s Space 153 

. Cauchy Completion 154 

. Hausdorfi’s Metric Topology 154 
. The Post Office Metric 155 

. The Radial Metric 155 

. Radial Interval Topology 156 
142. 
148. 


Bing’s Discrete Extension Space 157 
Michael’s Closed Subspace 157 


APPENDICES 


Special Reference Charts 161 
Separation Axiom Chart 163 
Compactness Chart 164 
Paracompactness Chart 166 
Connectedness Chart 167 
Disconnectedness Chart 168 
Metrizability Chart 169 
General Reference Chart 171 
Problems 181 

Notes 189 

Bibliography 202 


Index 2065 


Contents xiii 


PART | 
Basic Definitions 


SECTION 1 
General Introduction 


A topological space is a pair (X,r) consisting of a set X and a collec- 
tion 7 of subsets of X, called open Sets, satisfying the following axioms: 


O.: The union of open sets is an open set. 
O.: The finite intersection of open sets is an open set. 
Os: X and the empty set @ are open sets. 


The collection 7 is called a topology for X. The topological space (X,r) is 
sometimes referred to as the space X when it is clear which topology X 
carries, 

If 7, and 72 are topologies for a set X. , 71 is said to be coarser (or weaker 
or smaller) than 7, if every open set of 7, is an open set of 72. 72 is then said 
to be finer (or stronger or larger) than r,, and the relationship is expressed 
asi < rz. Of course, as sets of sets, 71 S 72, On a set X, the coarsest topol- 
ogy is the indiscrete topology (Example 4), and the finest topology is the 
discrete topology (Example 1). The ordering < is only a partial ordering, 
since two topologies may not be comparable (Example 8.8). 

In a topological space (X xt), We define a subset of X to be closed if its 
complement is an open set of X. , that is, if its complement is an element of r. 
The De Morgan laws imply that closed sets, being complements of open 
sets, have the following properties: 


C,: The intersection of closed sets is a closed set. 
C2: The finite union of closed sets is a closed set. 
C3: X and the empty set © are both closed. 


It is possible that a subset be both open and closed (Example 1), or that a 
subset be neither open nor closed (Examples 4 and 28). 
An F,-set is a set which can be written as the union of a countable col- 
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lection of closed sets; a G,-set is a set which can be written as the inter- 
section of a countable collection of open sets. The complement of every 
F,-set is aG,-set and conversely. Since a single set is, trivially, a countable 
collection of sets, closed sets are F’,-sets, but not conversely (Example 19). 
Furthermore, closed sets need not beG.-sets (Example 19). By complemen- 
tation analogous statements hold concerning open sets. 

Closely related to the concept of an open set is that of a neighborhood. 
In a space (X,r), a neighborhood N4 of a set A, where A may be a set con- 
sisting of a single point, is any subset of X which contains an open set con- 
taining A. (Some authors require that N4 itself be open; we call such sets 
open neighborhoods.) A set which is a neighborhood of each of its points 
is open since it can be expressed as the union of open sets containing each 
of its points. 

Any collection $ of subsets of X may be used as a subbasis (or subbase) 
to generate a topology for X. This is done by taking as open sets of 7 all 
sets which can be formed by the union of finite intersections of sets in 8, 
together with @ and X. If the union of subsets in a subbasis § is the set X 
and if each point contained in the intersection of two subbasis elements is 
also contained in a subbasis element contained in the intersection, $ is 
called a basis (or base) for r. In this case, r is the collection of all sets which 
can be written as a union of elements of S. Finite intersections need not be 
taken first, since each finite intersection is already a union of elements of 8. 
If two bases (or subbases) generate the same topology, they are said to be 
equivalent (Example 28). A local basis at the point « € X is a collection 
of open neighborhoods of 2 with the property that every open set contain- 
ing x contains some set in the collection. 

Given a topological space (X,r), a topology ry can be defined for any 
subset Y of X by taking as open sets in ry every set which is the intersec- 
tion of Y and an open set in 7. The pair (Y,ry) is called a subspace of 
(X,r), and ry is called the induced (or relative, or subspace) topology 
for ¥. A set U C Y¥ is said to have a particular property relative to Y 
(such as open relative to Y) if U has the property in the subspace (Y,ry). 
A set Y is said to have a property which has been defined only for topo- 
logical spaces if it has the property when considered as a subspace. If for 
a particular property, every subspace has the property whenever a space 
does, the property is said to be hereditary. If every closed subset when 
considered as a subspace has a property whenever the space has that 
property, that property is said to be weakly hereditary. 

An important example of a weakly hereditary property is compactness. 
A space X is said to be compact if from every open cover, that is, a 
collection of open sets whose union contains X, one can select 2 finite 
subcollection whose union also contains X. Every closed subset ¥ of a 


General Introduction 5 


compact space is compact, since if {O.} is an open cover for Y, {0.} U 
(X — Y) is an open cover for X. From {0.} U (X — Y), one can choose 
a finite subcollection covering X, and from this one can choose an appro- 
priate cover for Y containing only elements of {O.} simply by omitting 
X — Y. Acompact subset of a compact space need not be closed (Examples 
4, 18). 


Limrr Pornts 


A point p is a limit point of a set A if every open set containing p con- 
tains at least one point of A distinct from p. (If the point of A is not re- 
quired to be distinet from p, p is called an adherent point.) Particular 
kinds of limit points are w-accumulation Points, for which every open 
set containing p must contain infinitely many points of A, and condensa- 
tion points, for which every open set containing p must contain uncount- 
ably many points of A. Examples 8 and 32 distinguish these definitions. 

The concept of limit point may also be defined for sequences of not 
necessarily distinct points. A point p is said to be a limit point of a 
sequence {x,}, 1 = 1, 2, 3, . . . if every open set containing p contains 
all but finitely many terms of the sequence. The sequence is then said to 
converge to the point p. A weaker condition on p is that every open set 
containing p contains infinitely many terms of the sequence. In this case, p 
is called an accumulation point of the sequence. It is possible that a 
sequence has uncountably many limit points (Example 4), both a limit 
point and an accumulation point that is not a limit point (Example 53), 
or a single accumulation point that is not a limit point (Example 28). 

Since a sequence may be thought of as a special type of ordered set, each 
sequence has associated with it, in a natural way, the set consisting of its 
elements. On the other hand, every countably infinite set has associated 
with it many sequences whose terms are points of the set. There is little 
relation between the limit points of a sequence and the limit points of its 
associated set. A point may be a limit point of a sequence, but only an 
adherent point of the associated set (Example 1). If the points of the 
sequence are distinct, any accumulation point (and therefore any limit 
point) of the sequence is an waecumulation point of the associated set. 
Likewise, any o-accumulation point of a countably infinite set is also an 
accumulation point (but not necessarily a limit point) of any sequence 
corresponding to the set. Not too surprisingly, a point may be a limit point 
of a countably infinite set, but a corresponding sequence may have no 
limit or accumulation point (Example 8). 

Tf 4 is a subset of a topological space X, the derived set of the set A is 
the collection of all limit points of A. Generally this includes some points 


of A and some points of its complement. Any point of A not in the derived 
set is called an isolated point since it must be contained in an open set 
containing no other point of A. If A contains no isolated points, it is called 
dense-in-itself. If in addition A is closed, it is said to be perfect. A 
closed set A contains all of its limit points since for every zr € (X — A), 
X — A isan open set containing x and no points of A. Also, a set containing 
its limit points is closed since X — A contains a neighborhood of each of its 
points, so is open. Therefore we see that a set is perfect if and only if it 
equals its derived set. 


CLosurRES AND INTERIORS 


The closure of a set A is the set together with its limit points, denoted 
by A (or A-). Since a set which contains its limit points is closed, the 
closure of a set may be defined equivalently as the smallest closed set con- 
taining A. Allowing 4 to be A plus its waccumulation points or condensa- 
tion points would permit A, the closure of A, not to be closed (Example 
50.9), which is clearly undesirable. Analogously, we define the interior of 
a set A, denoted by A®, to be the largest open set contained in A, or equiv- 
alently, the union of all open sets in A. Clearly the interior of A equals the 
complement of the closure of the complement of A. 

There are at most fourteen different sets that can be formed from a given 
set A by successive applications of the closure and complement operations. 
Indeed, these two operations generate a semigroup with fourteen members. 
These sets are intricately related by inclusion and there is an example of a 
set A for which all fourteen sets are distinct (Example 32.9). An open set 
for which A = A-° is called regular open, and a closed set for which 
A = Ax is called regular closed. 

The union of the closures of finitely many sets always equals the closure 
of their union; for infinite collections it need only be contained in the 
closure of the union (Example 30). Similarly, the intersection of the in- 
teriors always contains the interior of the intersection, though they are 
equal only for finite intersections (Example 32.4). The intersection of 
finitely many regular open sets is regular open and the union of finitely 
many regular closed sets is regular closed, but the intersection of regular 
closed sets need not be regular clused (Example 32.6), and by complemen- 
tation, the union of regular open sets need not be regular open. 

The set of all points which are in the closure of A but not in the interior 
of A is the boundary (or frontier) of A, denoted by A. A? is also equal 
to A~\ (X — Ay, since Ab = A~ — Ae = A- V(X — A)-. A set is 
closed if and only if it contains its boundary, and is open if and only if it is 
disjoint from its boundary. Therefore a set is both open and closed if and 
only if its boundary is empty. A boundary is always closed since it is the 
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intersection of two closed sets. The boundary of the boundary of a set, A®, 
need not equal A, although A® is always contained in A> (Example 4). 

The exterior A¢ of a set A is the complement of the closure of A, or 
equivalently, the interior of the complement of A. In general, Ae is con- 
tained in A*, but they need not be equal (Example 51). The exterior of 
the union of sets is always contained in the intersection of the exteriors, 
and similarly, the exterior of the intersection is contained in the union of 
the exteriors; equality holds only for finite unions and intersections. 

If two sets A and B have the property that A -\B = A \B = @, they 
are called separated. A set A ina topological space X is connected if it 
cannot be written as the union of two separated sets. 


Countasiiry PRoPERTIES 


A set A is said to be dense in a space X if every point of X isa point 
or a limit point of A, that is, if X = A. A subset A of X is said to be 
nowhere dense in X if no nonempty open set, of X is contained in A. In 
other words, the interior of the closure of a nowhere dense set is empty. A 
set is said to be of first category (or meager) in X if it is the union of a 
countable collection of nowhere dense subsets of X. Any other set is said to 
be of second category. 

A space is said to be separable if it has a countable dense subset. It is 
said to be second countable (or completely separable, or perfectly 
separable) if it has a countable basis. A space is first countable if at 
each pvint p of the space, there is a countable local basis, that is, a count- 
able collection of open neighborhoods of p such that each open set con- 
taining p contains a member of the collection. Every second countable space 
is both first countable and separable. The first countability is obvious, 
while the separability follows from the observation that the union of one 
point from each basis element forms a countable dense subset. A separable 
space need not be even first countable (Example 19). 

The property of being first countable and the property of being second 
countable are both hereditary, but the property of being separable is not 
even weakly hereditary (Example 10). A subspace A of a first countable 
space is first countable, since the intersection of A with the countable local 
basis for the space provides a countable local basis for A; similarly, every 
subspace of a second countable space is second countable. 


Functions 


Functions on spaces are important tools for studying properties of spaces 
and for constructing new spaces from previously existing ones. A function f 
from a space (Xr) to a space (Yc) is said to be continuous if the inverse 
image of every open set is open. This is equivalent to requiring that the 
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inverse image of closed sets be closed, or that for each subset A of X, 
MA) C (A). Another equivalent condition is that for each xin X and each 
neighborhood N of J(2), there exists a neighborhood M of x such that 
FQ) CN. If this last condition holds at a particular point p, the function 
is said to be continuous at the Point p. 

The composition g O f is continuous whenever f: X — ¥ and g: YZ 
are both continuous, since the inverse image under g of an open set in Z is 
an open set in Y, and the inverse image of that open set under f is again 
an open set in X. 

A function f from (X,7) to (Y,o) is said to be open if the image under f of 
each open set is open, and closed if the image under f of every closed set is 
closed. For bijective (one-to-one and onto) functions, the conditions of 
being open and of being closed are equivalent, although in general they are 
not equivalent (Example 33). It is not difficult to see that J is an open 
bijective function if and only if f+ is a continuous bijective function. 

A bijective function ffrom X to Y isa homeomorphism jf f and f- 
are continuous, or equivalently, if f is both continuous and open, or if 
J(A) = f(A) for all A. X and ¥ are then topologically equivalent or 
homeomorphic. Such spaces are indistinguishable from a topological 
point of view. It is possible, though, that two spaces formed by assigning 
topologies r and 7* to a set _X may be homeomorphic, even though r and 7* 
are not identical nor even comparable (Example 8.8). It is also possible 
that two sets, A and B,A C XandBC Y where X¥ and Y are homeomor- 
phic, may be topologically equivalent as subspaces, but because of the 
nature of X and Y there may be no homeomorphism of X and Y taking A 
onto B (Example 32.7). 

A property is said to be a topological invariant (or topological 
Property) if whenever one space possesses a given property, any space 
homeomorphic to it. also Possesses the same property. Similarly, a property 
is called a continuous, open, or closed invariant if any continuous 
(respectively open, closed) image of a Space possessing the property also 
possesses the property. Both separability and compactness are continuous 
invariants, 

For a given collection of topological spaces (X, wTa), Where a © A, an 
indexing set, the product space is defined tu be the usual Cartesian prod- 
uct TY, of all the sets X., together with the coarsest topology on this set 
such that all of the coordinate Projections a, are continuous. This coursest 
topology is called the Tychonoft topology and has as a subbasis all inverse 
images under projections of open sets of the X.'s, that is, “open eylinders” 
of the form x71 UV). Tt follows immediately from this description of the 
subbasis that f:Z 30 Xq is continuous iff f O ma is continuous for each a. 

If (X,r) isa topological space, Y a set, and f: Y > Ya function, there 
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is then a finest topology o for Y relative to which Jf is continuous. We may 
describe o explicitly by noting that V C Y is an element of ¢ (open in Y) 
iff f-(V) is in +. This topology, which depends on f: X > Y and 7, is 
called the identification topology on Y with respect to f and (X,r). Now 
if 2 is an equivalence relation on X, if p: X > X/R is the usual projection 
function which maps each « € X to its equivalence class (x] in X/R, and 
if o is the identification topology on X/R with respect to p, then (X/R,c) 
is called the quotient space of (X,7) by the relation R. An important 
special case arises whenever A is a subspace of X. One may then define an 
equivalence relation & on X by declaring 2 ~ y iff x =yorr and y are 
both in A. In this case N/R is usually written X/A and is called the quo- 
tient of X by A. ; 

If (X,r) and (¥,¢) are two topological spaces, the topological sum 
(Z,¢) of X and Y is defined by taking for the set Z the disjoint union of the 
sets X and Y, that is, the union of X and Y where X and Y are decreed 
to have no common elements. The topology ¢ is defined as the topology 
generated by the union of 7 and ¢. ¢ is characterized by being the finest 
topology on Z in which the inclusion functions from (X,7) and (Y,c¢) are 
continuous. : 


Fivrers 
A filter on a set X is a collection F of subsets of X with the following 
properties: 
I: Every subset of X which contains a set of F belongs to F. 
Fy: Every finite intersection of sets of F belongs to F. 
F;: The empty set is not in F. 


The set X with the filter is called a set filtered by F, orjusta filtered set. 

If & is a nonempty set of subsets of X which does not contain Q, then 
the collection of all subsets of X which contain some member of B isa 
filter F if and only if the intersection of any two sets in @ contains a set in @. 
Such a set @ is called a base of the filter F and F is called the filter generated 
by 6. Equivalently, a subset @ of a filter F is a base of F if and only if 
every set of F contains a set of @. Two filter bases are said to be equivalent 
if they generate the same filter. Conditions F, and F; imply that the family 
of sets F* satisfies the finite intersection property, that is, that the inter- 
section of any finite number of sets of the family is nonempty. Conversely, 
any family of sets satisfying the finite intersection property is a subbase 
for a filter F since the family together with the finite intersections of its 
members is a filter base. 

If F, F’ are two filters on the same sct X, F’ is said to be finer than F 
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(or F is coarser than F’) if F CF’. If also F » F’, then F’ is said to be 
strictly finer than F, or F strictly coarser than F’. Two filters are said to 
be comparable if one is finer than the other. A filter F’ with base 8’ is 
finer than a filter F with a base @ if and only if every set of ® contains a 
set of @’. 

If a filter F on X has the property that there is no filter on X which is 
strictly finer than F, F is called an ultrafilter on X. Equivalently, F is an 
ultrafilter if and only if for every two disjoint subsets A and B of X such 
that AUB € F, then either A € F or B € F. Thus if F is an ultrafilter 
and EC X then either F or X —FisinF. Furthermore, if F and F’ are dis- 
tinct, there exists a set A such that A CF and A ¢ F’; but then X— 4 
€ F’, so we have A © F and X~A EF". 

If a point z is in all the sets of a filter we call it a cluster point; clearly 
an ultrafilter can have at most one cluster point. An ultrafilter with a cluster 
point p is just the set of all sets containing that point and is called a fixed, 
or principal ultrafilter ; an ultrafilter with no cluster point is called free, 
or nonprincipal. 

If X is a topological space, the set N of all neighborhoods of an arbitrary 
nonempty subset A of X is called the neighborhood filter of A. Let F 
be any filter on X. A point x € X is said to be a limit point of F if F is 
finer than the neighborhood filter N of x; F is also said to converge to z. 
The point z is said to be a limit of a filter base @ on X, and @ is said to 
converge to z, if the filter whose base is @ converges to x. Equivalently, a 
filter base @ ona topological space X is said to converge to 2 if and only if 
every neighborhood of z contains a sct of @. : 


SECTION 2 
Separation Axioms 


It is often desirable for a topologist to be able to assign to a set of objects 
a topology about which he knows a great deal in advance. This can be done 
by stipulating that the topology must satisfy axioms in addition to those 
generally required of topological spaces. 

One such collection of conditions is given by means of axioms called T; 
or separation axioms. These stipulate the degree to which distinct points or 
closed sets may be separated by open sets. Let (X,r) be a topological 
space. 


Tp axiom: Ifa,b € X, there exists an open set O € r such that either 
a€Oand b ¢ O, orb € Oanda ¢ O. 

T, axiom: If a,b € X, there exist open sets O,, Op € 7 containing a 
and b respectively, such that b ¢ O, and a d Os. 

T, axiom: If a,b € X, there exist disjoint open sets 0, and 0; con- 
taining a and b respectively. 

T; axiom: If A is a closed set and b is a point not in A, there exist 
disjoint open setsO, and O; containing A and b respectively. 

T, axiom: If A and B are disjoint closed sets in X , there exist dis- 
joint open sets'O4 and Og containing A and B respectively. 

Ts axiom: If A and B are separated sets in X. , there exist disjoint open 


sets O,4 and Oz containing A and B respectively. 


If (X,r) satisfies a T; axiom, X is called a Tj space. A Ty space is some- 
times called a Kolmogorov space and a T; space, a Fréchet space. We 
will conform to common practice and call a T, space a Hausdorff space. 

It follows from the T; axioms that Tp spaces are characterized by the fact 
that no two points can be limit points of each other. Similarly, T; spaces are 
characterized by points being closed, and Tz spaces by points being the 
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intersection of their closed neighborhoods. ‘T; Spices may be characterized 
either by the fact that each open set contains a closed neighborhood around 


closed neighborhood of each closed set contained in O. It is Ts iff every 
subset Y contains a closed neighborhood of each set A C YewhereA C Y. 

Each of these axioms is independent of the axioms for a topological space; 
in fact there exist examples of topological spaces which fail to satisfy any T; 
axiom (Example 21). But they are not independent of each other, since 
for instance, axiom T; implies axiom T, and axiom T; implies axiom To. 
here are, on the other hand, Tp spaces which fail to satisfy every other 
separation axiom (Example 53) and T, Spaces which do not satisfy any 
separation axiom but the Ty axiom (Example 18); similarly, there are ‘T; 
spaces which fail to be Ts, Ty or Ts (Example 75). F urthermore, neither the 
Ts axiom nor the T, axiom implies any of the other separation axioms 
(Examples 90.4 and 21.8) nor is either generally implied by them though 
in compact spaces T, implies T, but not Ts (Example 86). The Ts axiom 
does however imply T,, though it is independent of the other separation 
axioms, 


REGULAR anp Normau SPAcEs 


More important than the separation axioms themselves is the fact that 
they can be employed to define successively stronger Properties. To this 
end, we note that if a space is both T; and To, it is Tz, while a space that is 
both T, and T, must be Ts. The former Spaces are called regular, and the 
latter normal. 

Specifically a space X is said to be regular if and only if it is both a To 
and a T; space; to be normal if and only if it is both a TiandaT, space; 
to be completely normal if and only if it is both a T, and a Ts space. 
Thus, we have the following sequence of implications: 


Completely normal > Normal => Regular => Hausdorff = T, => To. 


Examples 86, 82, 75, 18, and 53 show that the implications are not revers- 
ible. A T, space (or Ts space) must be a Ti space in order to guarantee that 
it isa T; space, for there are T, spaces (and Ts spaces) which are Ty and 
yet fail to be T; (Example 55). 

The use of the terms “Tegular” and “normal” is not uniform throughout 
the literature. While some authors use these terms interchangeably with 
“Ts space” and “'T, space” respectively, others refer to our Ts space as a 
“regular” space and vice versa, and similarly permute “Ty, space” and 
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“normal.” This allows the successively stronger properties to correspond to 
increasing T; axioms. We prefer, however, to allow a T; space to be a space 
sitisfying the corresponding T; axiom, and content ourselves with labeling 
the successively stronger properties with unique terminology. 


ComPLETELY Hausporrr Spaces 


We will now introduce two variations of the separation properties. The 
first involves the use of closed neighborhoods in place of open sets in axioms 
Te, Ts, and Ty. 

Since in normal spaces every open set O contains a closed neighborhood 
of each closed set contained in O, if X is a normal space and if A and B are 
disjoint closed subsets, there exist open sets O4 and Oz containing A and B, 
respectively, such that O4 \ Oz = @. So the use of closed neighborhoods 
in place of open sets in the definition of a normal space yields the same 
class of spaces. 

Similarly, if X is a regular space, A is a closed subset, and b is a point 
not in A, then there are open sets Ox and Os containing A and 6 respectively 
such that 04 1 0, = @. However, there are Hausdorff spaces which have 
two points which do not have disjoint closed neighborhoods (Example 75). 
Thus, we present the following new axiom. 


If a and b are two points of a topological space X, there 
exist open sets O, and O, containing @ and b, respectively, 
such that 0,1 0; = @. 


Tx axiom: 


A Tx space will be called a completely Hausdorff space. It is clear that 
every regular space is completely Hausdorff and every completely Haus- 
dorff space is Hausdorff. Since there are completely Hausdorff spaces which 
fail to be regular (Example 78), the completely Hausdorff property is 
intermediate in strength between the properties Hausdorff and regular. 


ComPLereLy Recutar Spaces 


The sccond variation of the separation axioms concerns the existence of 
certain continuous, real-valued functions. A Urysohn function for A and 
B, disjoint subsets of a space X, is a continuous function f: X ~ [0,1] such 
that fla = Oand fl, = 1. 

Urysohn’s famous lemma asserts that if A and B are disjoint closed sub- 
sets of aT, space, there exists a Urysohn function for A and B, Conversely, 
if there is a Urysohn function for any two disjoint closed sets A and B in 


a space X, then X isa T, space. But the existence of such a function does 
not guarantee that X is a T, space and thus a normal space (Example 5). 

However, the statement for regular spaces analogous to Urysohn’s lemma 
is false (Example 90), so we give the following new Separation axiom: 


Ty axiom: If A isa closed subset of a space X and b is a point not in 
A, there is a Urysohn function for A and {b}. 


Then every Ta space is a T, space, though not necessarily a T, space 
(Example 5) unless it is also a Ty space. Such 4 space, which is both T, 
and Ty, will be called completely regular, or Tychonoff, Thus com- 
‘pletely regular Spaces are regular, Hausdorff, and therefore T,. Since 
points are closed in normal spaces, it follows from Urysohn’s lemma that 
normal spaces are completely regular. There are, however, regular spaces 
which fail to be completely regular (Example 90) and completely regular 
spaces which fail to be normal (Example 82). 

' Although normal Spaces are Ty, T; spaces need not be (Example 55). 
But if a T, space is also T;, even though possibly not normal, it must 
nevertheless be Ty for if the point p is disjoint from the closed set A ina T, 


We summarize the T; implications and counterexamples in Figure 1 
where the numbers in parentheses indicate examples. In addition, we have 
the following simple diagram, in which none of the arrows reverse, and 
where the numbers refer to appropriate counterexamples: 


Comp Com 


norm. 


Pos Regular => Comp. =T>T =>). 


"=> Normal = oe Haus 
(82)"°8 (99) (78) " (75) (18) (8) 


* (86) 


Functions, Propucts, anp SuBsPacgs 


All the separation properties are topological Properties, that is, they are 
preserved under homeomorphisnis, However, certain of the properties are 
Preserved under less restrictive functions, : 

If X and ¥Y are topological Spaces, and f: X — Y is a closed bijection, 
and X is Ty, T,, Hausdorff, or completely Hausdorff, then Y ig To, Ty, 
Hausdorff, or completely Hausdorff, respectively. In Particular, if 7, C 7» 
are topologies for X, the identity function from (X71) to (X72) is closed : 
hence, if ( Xr) is Ty, T,, Hausdorff, or completely Hausdorff, then so is 
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(82.10)] (86.6) 


12} T2=T, = To 13°73 
Tz and Tz = T24 T5=T4 
Tq and Ty + T32 Tg and T3 > T32 


Figure 1. 


(X72). We call 7: an expansion of 7, and note that expansion preserves 
the above separation properties. The stronger separation properties are not, 
in general, preserved under expansion (Example 66). 

Most separation properties are, however, preserved under products. If 
X = 11X,, then X isa To, Ti, Hausdorff, completely Hausdorff, regular, 
or completely regular space if and only if each of the X, is To, Ti, Haus- 
dorff, completely Hausdorff, regular, or completely regular, respectively. 
If X is normal or completely normal, each Xq is normal or completely 
normal, but the converse does not hold (Example 84). 

Normality diverges from the remainder of the separation properties in 


ADDITIONAL SEPARATION Properties 


with a Urysohn function for any two points a Urysohn space. 

A Ty space in which every closed set is a G; is often called perfectly Ty.A 
perfectly T, space which is also T, will be called perfectly normal. Every 
perfectly normal Space is completely normal, but not converscly (Exam- 
ple 24), 

Since each open set in a ‘Ts space contains a closed neighborhood around 
each of its points, every open set in a T space can be written as the union of 
regular open sets. Since the converse is not true (Example 81), we will call 
semiregular all T, spaces in which the regular open sets form a basis for 
the topology. Semiregular spaces are not necessarily either completely 
Hausdorff (Example 81) or Urysohn (Example 80). 


To (8) 
Ty «g) 
Hausdorff (75) 


Semiregular (81) 


Completely Hausdorff (126) 


Urysohn (91) (88)} (79) 
Completely regular (82) 


Normal (86) 


Completely 
normal 


Perfectly 
normal 


(28) 


Figure 2. 
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If we add these new properties to the basic separation axiom structure, 
we obtain the summary Figure 2. The implications are best illustrated by 


Perf. 


. Comp. 
Comp, =» Normal => P-=>Urysohn 
norm. reg. 


norm. i \ 


Comp. 
Regular => Haus, 


U 4 


Bemis Sg Th T= Ty, 
regular 


SECTION 3 
Compactness 


GuopaL Compactness Properries 


A topological space X is compact if every open cover contains a finite 
subcover; equivalently, X is compact if it satisfies the finite intersection 
axiom, that is, if every family of closed subsets whose intersection is em pty 
contains a finite subfamily whose intersection is empty. For if {A} is any 
family of closed sets such that M\ Aa = Z, then {X ~ A,} is an open 
cover which has a finite subcover { X — Aalk <n}. By De Morgan’s 
Law, X — VX = Aa) = & iff MAa = SB. Conversely, if the family 
{O.} is an open cover of X, then since 1X — 0.) = Q, there is » finite 


subfamily such that (CX - 04) =. By De Morgan’s Law 
bse] * 


n 
he Ow = X. An equivalent subbasis condition for compactness is given 


by Alexander’s Compactness Theorem: if a topological space X has a 
subbasis § such that from every cover of X by clements of S, a finite sub- 
cover can be selected, then X is compact. The condition is clearly necessary, 
but the proof of sufficiency uses the axiom of choice. 
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These implications are not reversible (Examples 28 and 51). 
A topological space is called countably compact if any one of the fol- 
lowing equivalent conditions is satisfied: 


CCi: Every countable open cover of X has a finite subcover. 

CC;: Every infinite set has an «-accumulation point in X. 

CC;: Every sequence has an accumulation point in X, 

CC: Every countable collection of closed sets with an empty inter- 
section has a finite subfamily with an empty intersection. 


Condition CC,, the countable finite intersection axiom, is equivalent to 
CC, for the same reasons that the ordinary finite intersection axiom is 


iff it is an accumulation Point of that set viewed as a Sequence. Now if the 
space X has a countable open cover {0,} with no finite subcover, we can 


n Fs 
find a set {2,} of distinct points such that x, ¢d VU Oj; this sequence can 
a 


i 
have no w-accumulation point in X, for every point of X has a neighbor- 
hood, namely one of the O; to which it belongs, which intersects only 
finitely many points of the set. Thus CC: > CC,. Conversely, if S C Xis 
@ countably infinite set without an #-accumulation point, each x € Xx 
would have an open neighborhood O, which intersects at most finitely many 
points of S. For each finite subset F of S, define Of = V{010, 08 = F}. 
Then {Or} is a countable open covering of X every finite subcollection of 
which includes at most finitely many points of S. Thus no finite subcollec- 
tion may cover X. 

Two other conditions are closely related, but not equivalent to countable 
compactness: a topological space is said to be sequentially compact if 
every sequence has a convergent subsequence, and weakly countably 
compact if every infinite set has a limit point. Sequential compactness 
clearly implies countable compactness, and since every w-accumulation 
point is a limit point, every countably compact, space is weakly countably 
compact. However, neither converse is necessarily true (Examples 105 and 
106). However, ina T, space, weak countable compactness is equivalent to 
countable compactness. For assuming that z is a limit point of a set A, 
but not an w-accumulation point, implies that some open set O, containing « 
contains only a finite number of points of A, say fa... 2 ay}. Butina Ti 


space, this implies that x has an open neighborhood which contains no 
points of A, that is, that z is not a limit point of A, 

Finally, a space X is called Pseudocompact if every continuous real- 
valued function on X is bounded. Every countably compact space X ig 


bound for the absolute value of f. Although the converse is not true (Exam- 
ple 9), every Pseudocompact normal space is necessarily countably com- 
pact. Suppose not; then X would contain an infinite subset S = {z.} with 
no w-accumulation point. Since X is Ti, S is closed and discrete in the sub- 
space topology; since X is Ty, the Tietze extension theorem guarantees a 
continuous extension to X of the unbounded continuous function SSoOR 
defined by f(z.) = n, This shows that X could not have been pscudo- 
compact. 

The relations between the varieties of global compactness may be sum- 
marized in this diagram: 


o-compact = Lindeléf 


Compact - Weakly 
NN @ countably 
Countably compact 
compact 


\ 


Sequentially Pseudocompact. 


compact 


In general, none of the arrows reverse, though, trivially, every countably 
compact Lindeléf space is compact. So Figure 3 summarizes both the impli- 
cations and counterexamples. 


Locauuzen Compacrness PROPERTIES 


requires that each point be contained in an open set whose closure is eom- 
pact. We shall call this concept strong local compactness since every 
Space satisfying this condition is clearly locally compact; the converse, 
however, is not generally true (Example 52) although it does hold in 
Hausdorff spaces for in such spaces compact sets are closed, so the interior 
of every compact neighborhood has a compact closure. 
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4—----— 


1 ! 
ee (ci) Cl on or 
' t Sequentially 
) 0 b#-~f-------~ compact 
' (23) (42) 
aaa ad A (2 a (A (it Cereal Dine 
t 
ee bees 
(25) 
LindeloF 


Figure 3. 


A different strong form of local compactness is obtained by requiring X 
to be both o-compact and locally compact: such a space is called o-locally 
compact. It suffices in fact to assume X locally compact and Lindeléf, 
for such spaces must be g-compact: the interiors of the compact neighbor- 
hoods cover X, so some countable number of such interiors, and therefore 
of compact neighborhoods, covers X. 

Although both stronger properties imply local compactness, strong local 
compactness and o-local compactness are independent (Examples 3 and 52). 
We may summarize the implications as follows: 


Compact => o-locally => g-compact => Lindeléf 
compact 


U 


Locally 
compact. 


Strongly 
locally => 
compact 


The appropriate counterexamples are summarized in Figure 4. 


Countanmary Axioms AND SEPARABILITY 


Although the previous compactness properties indirectly imply limita- 
tions on the number of open sets in x topology, the countability axioms 
introduced in the first section directly limit the number of open sets by 
restricting the number of basis elements. There are three major countability 
properties: a topological space is separable if it has a countable dense 


Strongly 
locally compact 


Locally compact 


Figure 4. 


subset, second countable if it has a countable basis, and first countable 


In second countable Spaces, compactness is equivalent to countable 
compactness, Similarly, in a first countable space, countable compactness 
Is equivalent to sequential compactness, for if {s,} is any sequence in a 
countably compact space X with accumulation point p © X, there is a 
countable local base at p, say {ValVi DV DV. -}. Then a subsequence 
{s,,} where $8», © V; converges to p. 

F igure 5 summarizes the important relations between the countability 
axloms and compactness. 


PARACOMPACTNESS 


Several compactness properties which have both local and global aspects 
rely on the concept of a refinement of a cover, A cover {13} of a space X 
is a refinement of a cover { U,} if for each Ve there is a U, such that 
Ve C U,. A cover ig Point finite if cach point belongs to only finitely 
many sets in the covering, and it is locally finite if each point has some 
neighborhood which intersects only finitely many members of the cover. 
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First countable 
(10) Countabi: 
'y 
(42.15) compact 
Second countable 
(54) | (13) 
(106) 


(24) Sequentially 
compact 


Lindetof (6) 
Figure 5. 


Finally, a cover {Vg} of X is said to be a star refinement of a cover { U.} 
if for each x © X there is some U, such that z* C U,, where x", the star 
of x with respect to {Va}, is the union of all the sets Ve of which z is an 
element. 

A space is called metacompact (or sometimes pointwise paracom- 
pact) if every open cover has an open point finite refinement, paracom- 
pact if every open cover has an open locally finite refinement, and fully T, 
if every open cover has a star refinement, The slightly weaker conditions of 
countable metacompactness and countable Paracompactness re- 
quire only that every countable open cover have the desired type of refine- 
ment. A fully T, space which is also I, is called fully normal. As the nota- 
tion implies, every fully normal space is normal, and also paracompact. 

Clearly every compact space is paracompact, and every paracompact 
space metacompact. Although these implications are not reversible (Exam- 
ples 28 and 89), every metacompact space (and therefore every paracom- 
pact space) which is also countably compact must be compact. For if { U,} 
is any open covering of the metacompact space X, { U,} has an open point 
finite refinement {Vs}. Now {Ve} has an irreducible (that is, a minimal) 
subcovering {V,}, for if we order subcoverings by inclusion, the intersection 
of a chain of subcoverings is a subcovering: if z is not covered by the inter- 
section of the subcoverings, being contained in only finitely many Vg, it 
would fail to be covered by one of the elements of the chain of subcoverings, 
4 contradiction. Now {V,} ‘is a finite covering, for in each V, there is an 
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x, belonging to no other clement of the family {V,} since the family is 
minimal and if the family {V,} were infinite the set {x,} would be an 
infinite set with no w-accumulation point. 

Thus we have the following implications: 


Fully normal = Fully T, > T, 


i 
Compact = Paracompact = Metacompact 
a q d 
Countably | Countably Countably 
compact paracompact metacompact. 


None of the implications is reversible, so Figure 6 can be used to summarize 
the necessary counterexamples. 

Just as a Lindeléf countably compact space is compact every Lindeléf 
countably metacompact space is metacompact and every Lindeléf count- 
ably paracompact space is paracompact. Furthermore a separable meta- 
compact space is Lindeldf. For if {U4} is an open cover with no countable 
subeover, and {V} is a point finite refinement (uncountable, of course), 
and {x} is a countable dense subset, then each Vg contains some 23 so some 
2s is contained in uncountably many V,, a contradiction to the nature of 


{Va}. 


CompactNess PrRoPEeRTIES AND THE T, AXIOMS 


Although compactness and the separation axioms involve conflicting 
requirements on the number of open sets in the topology, when compact- 
ness properties are combined with the T: or T; axioms, the topology often 


Countably metacompact 


(78) 


Metacompact (89) 


Countably 
paracompact 


(42.16) 


Fully normal 
(28) 


| 
| 


Countably | Compact 
compact 


(42) 


Figure 6. 
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satisfies certain higher T; axioms. For the compactness properties, by 
limiting the number of open sets in a cover, allow the desired disjoint open 
sets to be constructed by finite intersections. As a result compact sets in 
T, or Ts spaces have the same properties as points, namely: two disjoint 
compact sets in a Hausdorff space have disjoint neighborhoods, while if A is 
a compact subset of T; spaces, then for each open set U > A, there is an 
open V such that 4 C V CVC U. Also, then, compact sets in a Haus- 
dorff space are closed. Thus a compact Hausdorff space is T, since closed 
subsets of a compact space are compact. In fact certain conditions weaker than 
compactness are sufficient for this, while other compactness properties result 
in only weaker conclusions. The precise nature of the implications following 
from the assumption of the T: or T; separation axioms is pictured in 
Figure 7. Furthermore, certain combinations of the compactness properties 
and separation axioms force a space to be of the second category in itself. 
This type of Baire category theorem applies both to locally compact 
Hausdorff spaces and to countably compact regular spaces. 

Compact Hausdorff topologies are especially interesting since any such 
topology 7 on a space X is both minimal Hausdorff as well as maximal 
compact. 7 is a minimal Hausdorff topology since if r* C +, the identity map 
f: (X,r) — (X,7*) would be continuous. Thus if A is closed in (X,r), it is 
compact (since (X,r) is compact) and thus f(A) is compact. If +* were 
Hausdorff, f(A) would be closed, and hence f would be a closed mapping— 
which would mean that 7 C 7°. Thus no topology strictly smaller than + 
can be Hausdorff. Similarly, 7 is a maximal compact topology for if r* D 7, 


In T2 spaces: 
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Figure 7. 


the identity map f: (X,r") > (X,7) isa continuous bijection of a Hausdorff 
Space to a compact Hausdorff space. If r* is also compact, f must be open, 
hence 7* Cr. Thus no topology strictly larger than + can be compact. 
Examples 99 and 100 show that the converse statements are not necessarily 
true: minimal Hausdorff topologies need not be compact, and maximal 
compact topologies need not be Hausdorff. 

We should note, finally that separable Hausdorff spaces can have 
cardinality not exceeding gate for if D is a countable dense subset of X , the 
map ®: X — 2?) defined by (z)(A) = 1 iff A = DQ U, for some 
neighborhood U, of z is one-to-one whenever X ig Hausdorff. Thus card 
(X) S card 27) = ge 


INVARIANCE Propertizs 


weakly hereditary, that is, they are preserved in closed subspaces. But in 
most cases they are not preserved in open subspaces, so are not hereditary. 
Paracompactness and metacompactness, similarly, are only weakly hered- 
itary. Both first and second countability are, however, hereditary, although 
Separability is not. In fact, separability is preserved only in open subspaces 
(Example 10.6). 


Table 1 
PROPERTIES PRESERVED BY PRODUCTS 


Tyre or Propucr 


Property oF Se 
Factor Spaces Finrrz CounTasLe UNcounraBLe 
Compact True True True 
s-compact True False (102) False 
Sequentially compact True True False (105) 
Countably compact False (112) False False 

Locally compact True False (102) False 
Lindeléf False (84) False False 

First. countable True True False (103) 
Second countable True True False (103) 
Separable - True True False (103) 
Paracompact False (84) False False 


Metacompact False (84) False False 


eee 
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theorem, the product of an arbitrary family of topological spaces is com- 
pact iff each factor space is compact. If X is compact, then in general 
X X Y has the compactness properties of Y. If X satisfies only weaker 
conditions, the situation is considerably more complex, and may be best 
summarized by Table 1 which indicates which properties are Preserved by 
various types of products, and cites counterexamples where appropriate. 

Conversely, it is often possible to infer Properties of the factors given a 
property of the product space. This may be done most easily by observing 
that the projection maps are continuous, but in general, only the global 
compactness properties are preserved under continuous mappings. To be 
precise, the properties of compactness, -compactness, countable compact- 
ness, sequential compactness, Lindeléf, and separability are preserved under. 
continuous maps and therefore also under projections. Local compactness, 
and first and second countability are preserved under open continuous 
maps, but not just under continuous maps (Examples 116 and 26); since 
projections are open and continuous, these properties also are preserved 
under projection maps. Paracompactness even fails to be preserved under 
open continuous maps (Example 11.19), although it is preserved under 
projections. 


SECTION 4 
Connectedness 


Connectedness denies the existence of certain subsets of a topological 
space with the property that UNV = @ and UNV = @. Any two 
such subsets are said to be separated in the space. Although this concept 
is logically related to the separation axioms, it examines the structure of 
topological spaces from the opposite point of view. 

We call two open sets U and V a Separation of a topological space X 
if UNV = Mand X= UU V; spaces which have no nontrivial separa- 
tions are connected. Equivalently, X is connected iff it is not the union of 
two separated sets; or it is not the union of two disjoint, closed sets; or, it 
does not have any nontrivial sets which are both open and closed; or, there 
is no continuous function from X onto the two point set, with the discrete 
topology. A connected space X is said to be degenerate if it consists of a 
single point. A subset in a topological space X is a connected set if it is 
not the union of two separated subsets of X , or, equivalently, if it satisfies 
the definition of a connected space under the induced topology. Two points 
of X are connected in X if there exists a connected set containing them 
both. This relation between the points of a space is an equivalence relation, 
since the union of any family of connected sets having a nonempty inter- 
section is connected. The disjoint equivalence classes of points of X under 
the relation “connected in X” are called the components of X. The 
components of X are precisely the maximal connected subsets of X, and 
they must be closed since the closure of every connected set is connected: 
any separation of F would either separate E, or separate E from some of its 
limit points. (This shows even more, namely, if # CFC E and if F is 
connected, then F is connected.) Hach nonempty set in X which is both open 
and closed contains the components of all of its points, but the component 
of a point need not coincide with intersections of the sets containing it which 
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are both open and closed (Example 115). We say that a space X is con- 
nected between two points if each separation of X includes a single open 
set containing both points. This too is an equivalence relation between the 
points of a space; we will call the equivalence classes the quasicompo- 
nents. The quasicomponent containing p € X is precisely the intersection 
of all sets containing p which are both open and closed. If a space X has 
just one quasicomponent, it must in fact be connected; thus we need not 
call it quasiconnected. __ 

Path and are connectedness relate to the existence of certain continuous 
functions from the unit interval into a topological space. Continuous func- 
tions from the unit interval are called paths; if they are one-to-one they are 
arcs. A space is path connected if for every pair of points a and b there 
exists a path f such that f(0) = a and f(1) = b. The existence of a path 
between two points of a space is an equivalence relation; transitivity may 
be verified by reparametrizing the two paths. The equivalence classes, 
called path components, are the maximal subsets with respect to path 
connectedness. Arc connectedness and arc components are defined by 
exact analogy; to make the relation reflexive, we declare every point arc 
connected to itself. Clearly, every nontrivial arc connected space must be 
uncountable. 

The relations between the four types of components may be summarized 
by the following chain of containments: 


Arc Path 


C Components C Quasicomponents. 
components — components 


None of these containments is reversible (Examples 8, 116, and 115). 

A set with no disjoint open sets will be called hyperconnected and a 
set with no disjoint closed sets will be called ultraconnected. Equiv- 
alently, X is hyperconnected if the closure of every open set is the entire 
space, while X is ultraconnected if the closures of distinct points always 
intersect. Ultraconnectedness is independent of hypereonnectedness, though 
both imply connected. In fact, every ultraconnected space is path con- 
nected, for if p is a point in {aj MO {b], then the function f: [0,1] > X 
which maps each point of (0,3) to a, each point (3,1] to b, and 3 to pis 
continuous. Hyperconnected spaces need not be path connected (Example 
18) and ultraconnected spaces necd not be are connected (Example 13). 
So we may summarize the connectedness implications by: 


Ultraconnected => Path connected = Connected 


4 i 


Are connected Hyperconnected 


Both ultra- and hyperconnectedness are very strong conditions which 


trivially imply some other properties. Every continuous real-valued func- 
tion on a hyperconnected space is constant, so such Spaces are necessarily 
pseudocompact. On the other hand, no nontrivial ultraconnected space can 
have more than one closed point, so none are Ty, even though they must all 
be T,, trivially. 

Quasicomponents and components are equal if (but not only if; see 
Example 26) a space has a basis consisting of connected sets ; we call such a 
space locally connected, Equivalently, X is locally connected if the com- 
ponents of open subsets of X are open in X. Local connectedness clearly 
does not imply connectedness, but neither does connectedness imply local 
connectedness (Example 116). However, every hyperconnected space is 
clearly locally connected, since in such spaces every open set is connected. 
Figure 8 summarizes the relevant counterexamples. 


Arc 
connected 


Figure 8. 


Path components are equal to quasicomponents if a space has a basis 
consisting of path connected sets; such a space is called locally path con- 
nected. Equivalently, X is locally path connected if the path components 
of open subsets of X are openin X. Analogously, are components are equal 
to quasicomponents if a space has a basis of are connected sets; such a space 
is said to be locally arc connected. As above, locally are connected 
implies locally path connected, which implies locally connected, but neither 
converse holds (Examples 4 and 18). Furthermore, locally path connected 
is independent of path connected and locally arc connected is independent 
of are connected (Examples 118 and 32.5). 
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Functions ano Propucts 


Any set S which is the union of connected sets A, and a connected set B 
where B 1 Aq #* @ for each a must be connected since a separation of S 


would necessarily separate B. Since any finite product pu x of eae 


sets X,; can be written as the union of spaces homeomorphic to a x and 
X,, @ simple induction argument shows that any finite product of con- 
nected spaces is connected. In fact, a straightforward argument by trans- 


finite induction can be used to show that any product aX. of connected 


spaces X, is connected. If the index set A is well ordered and if z = (r.) € 
X = IX, is some fixed point, let Sa = {(ys) € Xlyg = xp for all 6 > a}. 
Then S, is connected whenever S,_, is since S, is homeomorphic to Sai X 
X.. If & is a limit ordinal, 8. = Hs Sp, so if each Sg is connected for B < a, 
S, must be also, since the collection {S,} is nested. Thus X = MU Se is 
connected. Indeed we have proved more since the proof uses only the fact 
that in the product topology the subsets xX Cc ux. where dee 
{(ya) © Xlya = zs, B % a} are homeomorphic to the X,’s. Thus : : 
proof applies to the ares product : the - a With any topology in whic 
copies of the corresponding X.q. 

giana and f is a continuous function on X, then f(X) must 
be connected, for if A and B separate f(X), f-1(A) and f-'(B) separate X. 
Though the continuous image of a locally connected space need ae 
locally connected, it is true that local connectedness is preserved un . 
continuous maps f from a compact space X onto a Hausdorff space Y. 
For suppose £ is a component of an open subset U of Y. Then each pe 
ponent of f-'(E) is a component of f-1( U) since if G is a irs ascii 
f“(U), then f(@) is connected and thus either contained in E or disjoin' 
from it. But if X is locally connected, the components of the open set 
f7(U) are open, so f-(E) must be open. Its complement is closed, ee 
compact, so f( X — f"(E)) = Y — E is compact, hence closed (since Y is 
Hausdorff). Thus E is open, and therefore Y must be locally connected. 


DISCONNECTEDNESS 


A space is totally pathwise disconnected if the only continuous maps 
from the unit interval into X are constant, or, equivalently, if its sae 
components are single points. A space with single point components is ie 
to be totally disconnected; since the points will then be closed, eac! 
such space will be T;. Clearly no connected set can be totally disconnected, 
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though there is a connected set which is totally pathwise disconnected 
(Example 128). Furthermore, only the discrete space can be both totall 
disconnected and locally connected, for in such cases each compon é 
(that is, each point) must be open. prs 
: If for every pair of points a and b ina space X there exists a separation 
U, V such that a € U and b € V, we shall say that X is totally sepa- 
rated. A necessary and sufficient condition that X be totally separated 
is that its quasicomponents be single points; clearly every totally separated 
Space 1s completely Hausdorff and Urysohn. A Hausdorff space in which 
the closure of every open set, is open is called extremally disconnected: 
equivalently, a Hausdorff space is extremally disconnected iff the interior 
of every closed set is closed, or, if disjoint open sets always have disjoint 
closures. Clearly every extremally disconnected space is totally separued: 


Totally disconnected 


Extremally disconnected 


a 1)| A114) 


——e Scattered and T, \ 


Discrete Extremal] 
=& ly Totally Total: 
topology disconnected = separated = diconecied 


eG 4 
y 


Zero dimensional 
and Ty => Regular => T, =>T, 


Totally pathwise 
disconnected 


Figure 9. 
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A space is zero dimensional if it has a basis consisting of sets which 
are both open and closed. Clearly every zero dimensional space is T;, though 
not necessarily Ty (Example 5). Every zero dimensional Ty space is totally 
separated. A space is called scattered if it contains no nonempty dense- 
in-itself subsets; although scattered spaces need not be T}, every scattered 
‘T, space must be totally disconnected since in T, spaces, every nontrivial 
connected set is dense-in-itself. However, a scattered space which is not 
T, may be connected (Example 57). Thus we may summarize the various 
disconnectedness properties in Figure 9. 


BICONNECTEDNESS AND CONTINUA 


A connected set is said to be biconnected if it is not the union of two 
disjoint nondegenerate connected subsets. A point p of a connected set X 
is called a cut point if X — {p} is disconnected, and a dispersion point 
if X — {p} is totally disconnected; any set having a dispersion point is 
biconnected, since the dispersion point can be in at most one of the two 
disjoint subsets. There is, however, a biconnected set without a dispersion 
point (Example 131). 

Sets which are both compact and connected are called continua; a 
continuum is indecomposable if it is not the union of two different 
nondegenerate proper sub-continua, A subset C of a continuum K is a 
composant if for some p € K, C contains all points z such that x and p 
are contained in some proper sub-continua of K. A set is said to be puncti- 
form if it contains no nondegenerate continua, Clearly, each totally dis- 
connected space is punctiform, although so are some connected spaces 
(Example 128). 


SECTION 5 
Metric Spaces 


A metric for a set X isa mapping dof X x X into the nonnegative real 

numbers satisfying the following conditions for all x,y,z © X: 

M: d(z,2) = 0 

Mi: d(z,z) < d(z,y) + d(y,z) 

Ms: d(a,y) = d(y,2) 

Me ifz sy, d(z,y) > 0. 
We call d(z,y) the distance between « and y. If d satisfies only M,, Mz, 
and M, it is called quasimetric, while if it satisfies Mi, M2, and Ms; it is 
called a pseudometric, [¢ is Possible to use a metric to define a topology 
on X by taking as a basis all open balls B(z,.) = {y € Xld(z,y) < ef. 
A topological Space together with a metric giving its topology is called a 
metric space. Although a single metric will yield a unique topology on a 
given set, it is possible to find more than one metric which will yield the 


from B, and each point y € B has a neighborhood B(y,«) disjoint from A, 
Then Uy = U B(x,e,/2) and Us=U Bly,¢,/2) are disjoint open neigh- 
2EA EB 


borhoods of A and B, respectively. Thus metric Spaces are completely nor- 
mal, and, by a similar argunent, perfectly normal. Therefore metric spaces 
satisfy every T, Separation property. Furthermore, every metric space is 
fully Ty, thus fully normal and paracompact. 

Much of the structure of countability and compactness is also simplified 
in metric spaces, Since {B(z,1/n)\n = 1,2,3,.. Jisa countable local 
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basis at 2, each metric space is first countable. If {z.} is a countable dense 
subset of X, the balls B(z,,1/n) form a countable base for the topology on 
X. So for metric spaces separability implies, and is therefore equivalent to, 
st ntability. 

es ae is ico metric spaces which are Lindeléf, since in such spaces, 
for each integer k, the open covers {B(x,1/k)|z © X } have countable sub- 
covers. The union of all such subcovers is a countable base for X. Thus 
every Lindeléf metric space is also second countable. ; ; 

Since each metric space X is first countable, sequential compactness is 
equivalent to countable compactness, which, since X is Tj, is equivalent to 
weak countable compactness. More important, countable compactness in 
metric spaces is equivalent, to compactness, since every countably compact 
metric space is separable: for each n, @ countably compact metric space 
can be covered by finitely many balls B(xi,1/n), so {a} is a countable 
dense subset. Thus each countably compact metric space is second countable, 
and every countably compact second countable space is compact. 

Since metric spaces are Hausdorff , the concepts of local compactness and 
strong local compactness are equivalent. So in metric space, we have amuch 
simplified implication chart (Figure 10); that these implications do not 
reverse is shown by the counterexamples listed in Figure 11. 


Sequentially 
compact 


pouony c-commc | 


Compact Separable 

1 Lindeléf 
Weakly 

countably Second 


compact 


countable 


Figure 10. 


Although in general the metric structure of a space does not appreciably 
simplify its connectedness properties, we can show that every metric space 
which is extremally disconnected is discrete. For in any metric Space, each 
point p can be written as the intersection of the closed metric balis 


o — compact 


(30) 


@ - locally 
compact 


(28) 


(3) 
Locally compact 


Figure 11. 


Bip{p); then U = VU Bipr(p) — Biyen4n(p) is an open set which has p asa 


n=1 
noninterior limit point} Provided p is not open. So if X is not discrete, it 
cannot be extremally disconnected. 


Copiers Mrrric Spaces 


Heuristically, compactness is related to the size of @ space in that it 
determines how many small open sets are required for a cover. In a metric 
Space, the radius ¢ of an open ball can be used as a Precise measure of the 
size of the small open sets. Thus we call a subset F of a metric space X 
totally bounded (precompact) iff for every « > 0, E may be covered by a 
finite collection of open balls of radius «. We call such a cover an e-net. A 
subset FE is called bounded if there exists a real number 8 such that 
d(r,y) < B wherever ty © E; the least bound of £ is called the diameter 
of E. Clearly every totally bounded set is bounded, but not conversely 
(Example 134); furthermore, totally bounded is not a topological property, 


Every compact metric space is totally bounded, since every covering by 
ebails has a finite subcover, and every totally bounded set is second 
countable, since the union of e-nets for «=1,3,4,...formsa countable 


an integer NV such that d(2m,Tn) < € wherever m,n > N. Obviously, every 
convergent sequence is a Cauchy Sequence; but the converse fails (Exam- 
ple 32.1). So we define a complete metric Space as one in which every 
Cauchy sequence converges to some point in the Space, or equivalently 
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that the intersection of every nested sequence of closed balls with radii 
tending to zero is nonempty. (A sequence {E,} of sets is nested iff Ey 
Ey: for all n.) If the radii do not tend to zero, this condition need not be 
implied by completeness (Example 135). Now every compact metric space 
is complete, and more important, every complete and totally bounded 
metric space is compact. 

We will call a topological space (X, st) topologically complete if there 
exists a metric d giving the topology r such that (X,d) is a complete metric 
space. Topological completeness is a topological property which is weakly 
hereditary, though not hereditary (Example 30). Clearly every compact 
metric space is complete; though the converse is not true (Example 28), it 
is true that a metric space is compact iff it is complete in every equivalent 
metric. The famous Baire category theorem states that every topologically 
complete metric space is second category. 

A completion of a metric space X is any complete metric space which 
contains a dense subset to which X is isometric, that is, to which there is 
a bijection which is distance preserving. All metric spaces have completions 
and even more surprising, all of the completions of a given space are iso- 
metric. Furthermore completeness is preserved by isometries but unlike 
topological completeness not by homeomorphisms (Example 32.10). 


MErRIZaBILiTy 


A topological space (X t) is called metrizable if there exists a metric d 
which yields the topology r. Every regular second countable space is metriz- 
able, but not conversely (Example 3); in fact, a topological space is metriz- 
able iff it is regular and has a a-locally finite base, that is, a base which 
is the countable union of locally finite families. Although this requirement 
is very close to paracompactness, and though every metric space is para- 
compact, there exist regular paracompact spaces which are nonmetrizable 
(Examples 51 and 141). 


UNIFORMITIES 


A quasiuniformity on a set X is a collection U of subsets of ¥ x XY 
which satisfies the following axioms: 


Ui: Forallu € Uac u, where A = {(2,2) |x € X}. 

Uz: Foru € U and v € U, uN EU. 

Uy: Ifu € U and uCvCX XX, theny € U. 

Uy: For all uw € U, there is v € U such that » Ov C u where O is 
defined by u Ov = {(z,z)| there is a y © X such that (zy) Ev 
and (y,z) € u}. 
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The quasiuniformity U is a uniformity if the following additional condi- 
tion is satisfied: 


Us: Ifu € U, then uw © U where wu! = {(y,2)|(x,y) © U}. 


A set u which is an element of the quasitniformity U is called an entourage 
(or a relation). The entourage u is said to be symmetric if u = u”. The 
set A is called the diagonal of X x X. The quasiuniformity U is said to be 
Separated if the intersection of ail the members of U is the diagonal A. 

The first three axioms say that every quasiuniformity on a set X is a 
fiiteron X X X. Further, a quasiuniformity U isa uniformity iff there is a 
symmetric base for U, that is a filter base of symmetric sets. 

Every quasiuniformity U on aset X yields a topology 7 on X by taking 
as a neighborhood system for X the sets u(z) where u € U and u(z) = 
tyl(@z,y) © u}; there may be more than one quasiuniformity generating a 
given topology (Example 44). If two quasiuniformities generate the same 
topology on the set X, they are said to be compatible. A set X with a 
quasiuniformity U and the topology r generated by U is said to be a 
quasiuniform space and we may use the notation ((X, U),r) to denote 
this or the shorter notation (X,U) where r is understood to be the topology 
generated on X by U. A topological space ( X,r) is said to be quasiuni- 
formizable if there is a quasiuniformity U such that ((X,U),7) is a 
quasiuniform space. 

The problem of when a topological space (X,r) is quasiunformizable or 
uniformizable is simpler than the corresponding metrization problem. If 
(X,r) is a topological space, the set U = {uglug = G@X@U(X - 
G X X) and@ € 7} is a filter subbase for a quasiuniformity on X which 
generates r, and thus every topological space is quasiuniformizable. A 
topological space (X,r) is uniformizable iff it is a Ta, space. 


Metric Unrrormities 


Tf (X,d) is a pseudometric space, then the family U of all sets x which 
contain a set of the form u, = Ka,y)l\d(z,y) < e} isa uniformity on X, 
which yields the same topology as the pseudometric d. Such a uniformity is 
called pseudometrizable (or, if appropriate, metrizable). Not every uni- 
formity which yields a metrizable topological space need be metrizable 
(Example 44). 


PART II 
Counterexamples 


1. Finite Discrete Topology 
2. Countable Discrete Topology 


3. Uncountable Discrete Topology 


On any set X we define the discrete topology by taking all subsets of X 
to be open. Any subset is then both open and closed. We distinguish three 
cases, the finite discrete topology, the countable discrete topology, and 
the uncountable discrete topology according to whether the set X is 
finite, countably infinite, or uncountable, 


1. This topology is the finest topology for X, since any open set of 
any other topology is an open set in this topology. 


2. Every point is an isolated point. 


3. xis nota limit point of the sequence %,%,Z, .. . considered asa 
set, although it is an adherent point of the set. 


For any set A CX, A = A® = A-, and Ab = @. 


5. Any funetion from a set X with the discrete topology is 
continuous. 


6. The topology on a discrete space may be obtained from the dis- 
crete metric: d(z,y) = 1 if x 5 y, and d(z,y) = Oif z = y. Thus 
every discrete space satisfies all Separation properties, 


7. Each discrete space is strongly locally compact since each point 
is a neighborhood of itself. Such spaces are clearly first countable 
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10. 


11. 


and, since the open cover by discrete points is locally finite and 
finer than all other open covers, discrete spaces are paracompact, 


Countable discrete Spaces are o-compact, Lindeléf, second count- 
able, and separable but uncountable discrete spaces are none of 
the above. Finite discrete spaces satisfy all compactness 
properties. 


If X consists of more than one point, it is clearly not connected 
and thus neither path nor are connected. But it is locally path 
connected, and thus locally connected, 


4. Indiscrete Topology 


For any set X, the indiscrete topology is the topology whose only ele- 
ments are the empty set © and X itself. (We assume X has at least two 


points.) 

1. This topology is the coarsest one for X. It is comparable with 
any other topology for X, 

2. No subset A 3 X or Bis open, closed, F,, or Gy. 

3. Every subset is compact and Sequentially compact. 

4. Every point of X isa limit point for every subset of X, and every 
Sequence converges to every point of X. If X is uncountable, 
every sequence has uncountably many limit points. 

5. Every subset containing more than one point is dense-in-itself, 
The only nowhere dense subset is B, so X is of the second 
category, 

6. For A x X, Ae = fo- = Ae = & and for A 3 @, Am = 
Am = A-- = VIP A # X or W, Ab = X, AM = gy 

7. X is Separable, since any subset is dense. F urthermore, Y is 
second countable, 

8. 


Every function to & space with the indiscrete topology is 
continuous. 


10. 


ll. 
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The indiscrete space is path connected and thus connected, but 
is are connected only if it is uncountable. Tt is both hypercon- 
nected and ultraconnected. 


Since the only Open set containing any given point is X itself, 
the indiscrete space fails to be To. But it is Ts, T., and T, 
vacuously. 


Clearly X is pseudometrizable, although not metrizable. 


5. Partition Topology 


6. Odd-Even Topology 


7. Deleted Integer Topology 


Fach partition P of any set X into disjoint subsets, together with DS, is 
a basis for a topology on X, known as a partition topology. A subset of X 
is then open if and only if it is the union of sets belonging to P. 


1. 


The partition topology is characterized by the fact that every 
open set is also closed ; each set in the partition P is a component of 
the space X. Thus X /P is discrete. 


The trivial partitions yield the discrete or indiserete topologies. 
In any other case.X with a partition topology is not To since some 
element of the partition contains two or more points neither of 
which can be separated from the other. Thus X is not Tx, Ts, 
or T;. However a subset of X is open iff it is a union of elements of 
the partition and thus its complement is also open; thus a set is 
open iff it is closed. Hence X is Ts, Ty, T,, and Ts. 


An important example of a partition topology is the odd-even 
topology on the set XY of positive integers, generated by the parti- 
tion P = { {2k — 1, 2k}}. Clearly this space is second countable, 
thus first countable, separable, and Lindelof. Since every non- 
empty subset of X has a limit point in this topology, X is weakly 
countably compact. But Y is not countably compact, since P 
itself is a countable open covering of X which has no finite 
subcover, 


If X is the set of positive integers with the odd-even topology, 
and if Z+ is the same set with the discrete topology, then the 
mapping f: X > Z+ defined by S(2k) = kh, f(2k — 1) = kis con- 
tinuous. But X is weakly countably compact, whereas Z+ is not. 
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So weak countable compactness is not preserved under continuous 
maps. 


A common variation of the odd-even topology is the deleted inte 
ger topology: in this case X is the union of the open intervals 
(n — 1n) for n = 1, 2,3, ..., and the topology on X is gen- 
erated by the partition P = {(2 — 1,n)}. This example has most 
of the properties of the odd-even topology. 


Every partition space is pseudometrizable since the pseudometrie 
defined by letting d(z,y) = 0 iff x and y belong to the same set 


of the partition, and letting d(x,y) = 1 otherwise yields the par- 
tition topology. 


If we double the points of the real numbers with the discrete 
topology, we obtain a partition topology with uncountably many 


disjoint open sets. This topology is weak] 
ly countably ¢ 
but not Lindeléf. gee 


8. Finite Particular Point Topology 


9. Countable Particular Point Topology 


10. Uncountable Particular Point Topology 


Il. Sierpinski Space 


12. Closed Extension Topology 


On any set X, we can define the open sets of a topology to be @ and any 
subset of X that contains a particular point p. We distinguish three cases, 
finite, countable, and uncountable according to the size of X. 


1, 


The only sequences {a;} which converge are those for which the 
a; are equal for all but a finite number of indices. The only accu- 
mulation points for sequences are the points b; that the a; equal 
for infinitely many indices. So any countably infinite set con- 
taining p has a limit point, but never even an accumulation point 
when considered as a sequence in any ordering. 


Every point except p in X is a limit point of Pp, so the closure of 
any open set other than & is X. Closed sets other than X do not 
contain p, so the interior of any closed set other than X is Sm. 


10. 


11. 
12. 


13. 


14. 


Closed Extension Topology 45 


Let Y be a subset containing the particular point p. Then every 
point g ¥ pisa limit point of Y but not an w-accumulation point. 


Every particular point topology is To, but since there are no dis- 
joint open sets, none of the higher separation axioms are satisfied 
unless X has only two points. 


A = {p} is compact, but A = X is not compact if X is infinite. 
In this case, X is locally compact but not strongly locally com- 
pact, since the closure of any set containing p is X. In fact, if X 
is uncountable, it is not even Lindeléf. 


X is separable, since {p} is a countable dense subset. But, if X 
is uncountable, X — {p} is not separable. 


If X is uncountable, it is first countable, but not second count- 
able, since X — {p} is discrete. 


Tf on a given set X, we define 7, to be the collection of all sets 
containing a point p, and 72 to be the collection of all sets con- 
taining ¢ + p, the spaces (X,7:) and (X,r2) are homeomorphie, 
but 71 and 72 are not comparable. 


X is scattered, since every subset not containing p has no limit 
point, and for a subset which contains p, p itself is not a limit 
point. Thus X contains no nonempty dense-in-itself subsets. 


X is hyperconnected, since every open set must contain p. But 
if X contains at least three points, it is not ultraconnected since 
two points not equal to p are disjoint closed sets. 


Since X — {p} is discrete, p is a dispersion point for X. 


X is not weakly countably compact since any set which does not 
contain p has no limit points. But since there are no disjoint open 
sets, every continuous real valued function on X is constant. 
Thus X is pseudocompact. 


X is path connected and locally path connected since if qEx 
we can map | to g and [0,1) to p to form a path from g to p. 
But X is not are connected since the inverse image (under a 
homeomorphism) of the open set p would be one point, which is 
not an open set in [0,1]. 


X is not of the first category, since if it were, some nowhere dense 
set would have to contain p, and its closure would then be X. 


(X,r) is locally compact since each point has a compact neighbor- 


+6 Counterexamples 


16. 


17. 


18. 


19, 


20. 


21. 


hood, namely itself together with p; but if X is infinite, it is not 
strongly locally compact since the closure of any neighborhood 
is all of X. 


If we replace the particular point p with two points p,, po, the 
resulting space is weakly countably compact since either Pi OF 
pz is a limit point of any subset. 


An important particular point topology is Sierpinski space, the 
space {0,1} with the particular point 0. Since the only open sets 
are Z, X, and {0}, the sequence 0, 1,0, 1, ... has 0 as an 
accumulation point and 1 as a limit point. 


Sierpinski space is hyperconnected, ultraconnected, and path 
connected, but not arc connected. Also it is T, and Ts vacuously. 


Let (X,r) be a countable set with the discrete topology, which 
is then paracompact, and let Y = {0,1} be Sierpinski space with 
0 open, which is compact; then X xX Y is paracompact. If 
(XU {p},c) is a particular point space with particular point p 
then the cover {{p,a}la © X } is a countable cover with no point 
finite refinement. Thus (X U {p},c) is not even countably meta- 
compact. However the function f: X x Y3XU {p} defined 
by f(z,0) = p and f(z,1) = zis open and continuous. Thus the 
open continuous image of a paracompact space need not even be 
countably metacompact. 


The particular point topology permits the following useful ex- 
tension. Let (X,r) be any nonempty space, and let p be a point 
not in X. We define X* = XU {p} and describe a topology 7* 
on X* by calling a set in X* open iff it is the empty set or is of 
the form UU {p} where U € 7. Since the closed sets of X* 
other than X” itself are precisely the closed sets of X we call 
(X",r*) the closed extension of (X,r). The particular point. to- 
pology on X is the closed extension of the discrete topology on 
X — {p}. 


The properties of the closed extension topology are the same as 
the properties of the particular point topology except in the 
cases where the properties of the particular point topology de- 
pend on the disereteness of X — {p}. Thus (X%,r") is Tp iff 
(X,r) is To; but (X*r*) is not T,, Ts, or Ts. Further (X*,r°) is 
T, or T; iff (X,r) is T, or T; vacuously and in this case the con- 
dition on (X°,r*) is also vacuous. 


13. 


i. 


15. 


16, 
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Finite Excluded Point Topology 


Countable Excluded Point Topology 


Uncountable Excluded Point Topology 


Open Extension Topology 


The excluded point topology may be defined on any set X by declaring 
open, in addition to X itself, all sets which do not include a given point 
p © X. As usual, we distinguish three special cases depending on the 
cardinality of X: finite, countable, or uncountable excluded point 


topology. 


1. 


If X has just two points, the excluded point topology on X is 
just the Sierpinski topology. We consider this to be the trivial 
case, and assume hereafter that X has at least three distinct 
points. 


X is To, but since the only neighborhood of p is X itself, X is not 
T,, and thus not T. or Ts. However, every nonempty closed set 
contains p so X is T, vacuously. Since any two sets in X are 
separated iff they are disjoint subsets of X — {p}, and since 
such sets are open, X is T; nonvacuously. 


Again, since X is the only open set containing p, X must be both 
compact and connected. Since every closed set other than @ 
contains p, X is ultraconnected, but it is not hyperconnected, 
since two points distinct from p are disjoint open sets. Thus 
X is path connected, though it cannot be are connected since 
the inverse image of a single point distinct from p must be an 
open set in [0,1]. Similarly X is locally path connected but not 
locally arc connected. 

Since {p} is closed, and since the only open set which contains p 
is X itself, X is not perfectly Ty. 

X contains no nonempty dense-in-itself subsets since only p can 
be a limit point of any set. Thus X is scattered. Further p is a 
dispersion point of X. 

X is always first countable, and thus sequentially compact. But 
it is second countable and separable only when X is finite or 
countable. 


The excluded point topology may be varied by selecting as open 
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all sets which are disjoint from a fixed subset A, together with Y 
itself. This excluded set topology is similar to the excluded point 
topology except that it will in general fail to be Tp. 


8. The excluded point topology is a special case of the following 
Let &, »7) be a nonempty topological space, and let pbea point 
not in X. We define X* = XU {p} and describe a topology 7 
on X* by calling a set in X* open iff it is X* or in +r. We calt 
(X*,r*) the open extension of (X,r) since other than X° itself the 
open sets of 7° are just the open sets of 7. The excluded Point 
topology is then the open extension of the discrete topology. 


9. Except where the preceding arguments depend on the discrete 

ness of X ~ {p} the properties of (X*,r*) are the same as those 

of the excluded point topology. Thus (X*,r") is To iff (X,r) is T, 

but (X*7') always fails to be Ty, Te, Ts. It is always T, but it 

noe iff Su ual (X",r*) is compact, connected, and 
connected. Likewise (X*,r*) j 

panera seers (X*,r*) is separable, first or second 


10. The open extension of the particular point topology is Ty and 


T,, but neither T, nor Ts since the particular poi i 
en pi © point topology is 


17, Either-Or Topology 


The either-or topology is defined on the interval X = {—1,]] by de 
claring a set open iff it either does not contain {0} or does contain (=i), 


Th a Wee 
pie pu 1}, {-1,1} and any set containing {0} are the nontrivial 


1. A straightforward consideration of cases shows that X is T, and 
Ts, but neither T, nor Ts. In fact, X is Ts, since if A and B are 
separated sets neither of which contains 0, they are then open. 
But if one, say A, contains 0, then 0 cannot be in B. So B can be 
only {1}, {—1}, or {-1,1}, and in any of these cases B and 
X — B are disjoint open sets containing B and A. 


2. Since any open cover of X must include an open set containing 0 
X is compact, thus Lindeléf. But the subspace X — {0} is dis. 
crete, thus not Lindeléf. 


3. X is clearly first countable, although not separable since X con- 
tains uncountably many open points. X is not of the first category, 
since no open point can be contained in any nowhere dense set. 


Finite Complement Topology on an Uncountable Space 49 


4. Xis locally path connected since every point except 0 is open, and 
the neighborhood (— 1,1) of 0 is path connected: if p € (-1,1), 
the function which takes 0 to 0 and (0,1] to p is a path joining 0 
to p. Thus X is also locally connected, but not locally are 
connected. 


5. However X is scattered, since there are no nonempty dense-in- 
itself subsets, for 0 is the only possible limit point of any subset. 


18. Finite Complement Topology on a Countable Space 


19, Finite Complement Topology on an Uncountable Space 


We define the topology + of finite complements (or cofinite topology) 
on any set X by declaring open those sets with finite complements, to- 
gether with @ (and X). Then the only closed sets are X, @, and finite 
sets. If X is finite, the topology of finite complements is the discrete 
topology. So, to avoid trivialities, we will assume that X is infinite, and 
distinguish two cases, the topology of finite complements on a countable 
space, and the topology of finite complements on an uncountable space. 


1, Each point of X is a limit point of any infinite subset A, since 
then any open set of X contains a point of A. In particular, if A 
is countably infinite, A = X, so X is separable. 

2. The space X and every subspace of X is compact. If we have a 
collection of open sets covering X, any one of the sets will cover 
all but a finite number of points of X, say x points of X. We can 
choose n other sets of the collection, one for each point, and 
together these n ++ 1 open sets will constitute a finite subcover 


of X. 


3. If X is uncountable, open sets are uncountable, so are not F,- 
sets. By complementation, closed sets are not Gs-sets. Thus X is 
not perfectly Ts. In this case, the countably infinite sets are 
F,-sets, which are neither open nor closed, arid the complements 
of countably infinite sets are (f,-sets, also neither open nor closed. 


4. For uncountable X, this topology is not first countable, and 
therefore not second countable. Suppose at some point x there 
exists a countable local basis. Then there exists a countable 
collection of open sets ®,, each containing z, such that every 
open neighborhood of x contains some set B € ®,. So N®, = 


{x}, and thus X — {z} = X —M®.= U (X — B). Each of 
Bea, 


5. Ifabe X, then 0, = X — 


the xX — B are finite by definition, and the countable union of 
finite sets is countable, so X ~ {z} must be countable, a con. 
tradiction. But X is separable, since any infinite set is dense. 


{b} is an Open set containin, 
| ig a bur 
not b, and 0, = X — {a} contains 5 but not a, so X isa T, Space, 


6. Since no two Open sets are disjoint (since X is assumed infinite) 


(X,7) is hyperconnected and therefore not Ts, Ts, Ty, or Ts. 


7. If one doubles the points of X , the resulting space satisfies no T, 


axioms, but is still compact. 


8. ris the smallest (or coarsest) topology on X in which points ar 


10. 


11. 


closed, thus it is often called the minimal T, topology. 


itis continuous, so S is an arc in X joining a and b. Thus in this 


case X is arc connected and similarly, locally arc connected 


21. Double Pointed Countable Complement Topology 


ments on X by declaring open all sets whose 
together with (and X). 


1. 


Since the topology of countable complements is finer than the 
erie! th topology, itis T, and To; but it does not satisfy any 
other T; axioms since no two open sets are disjoint. 


; ¢ the complement 
of any open set is countable the space is Lindeléf. 
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point, X is not separable even though it satisfies the countable 
chain condition. 


X is hyperconnected and thus connected, locally connected, and 


pseudocompact. 


Since in this topology the intersection of any countable collection 


of open sets is open and thus uncountable, X is not even countably 
metacompact. 


An interesting variation of this space may be constructed by 
doubling each of its points. Technically, this double pointed 
countable complement topology is the produet of X , the topology 
of countable complements, with the two point indiscrete space. 
Clearly the double pointed countable complement topology fails 
to be Ty or T, and since each doublet is closed and no two open 
sets are disjoint, it fails to satisfy any higher T; axioms. 


The double pointed countable complement topology is weakly 
countably compact, since if p belongs to any infinite set A, then 
its twin p’ is a limit point of A. (The ordinary topology of count- 
able complements is not weakly countably compact.) 


If we further vary this example by forming the open extension of 
the double pointed countable complement topology, we will have 
a-space which is T, (since all open extension topologies are T,) but 
not To, T;, Ts, Ts, or Ts. 


22. Compact Complement Topology 


On (R,r) the Euclidean space of real numbers, we define a naw topology 
by letting r* = {X C RIX = @ or R — X is compact in (R,r)}. Since 
the compact sets in (R,r) are closed under arbitrary intersection and 
finite unions, 7° is a topology. 


1. 


Since finite sets are compact in (R,r), the topology 7” is finer than 
the topology of finite complements. Thus (R,r*) is T,. 


However, no two open sets in (R,z*) can be disjoint, for the com- 
plement of their intersection, being the union of their compact 
complements, cannot be R: Thus X must fail to be T:, and thus 
cannot be Ta, nor, since it is Ty, can (2,r*) be Ts, Ty, or Ts. 


For precisely the same reason, (R,r*) is hyperconnected, thus 
connected and locally connected. But it is not ultraconnected. 


(R,r*) is compact, since if {O,} is an open covering of R, R — O., 


TS MMM TENAT ples 


is compact in the Euclidean topology (for any 0,, © {0.}). Since 
each QO, is open in the Euclidean topology, a finite number of them 
must cover R — Ons 


Sets of the form (—,n)U (p — 1/n, P+1f/nyU (n, 0) form 
a countable local basis at PER.So (B,r*) is first countable and 
similarly, also second countable. Thus it is also sequentially 
compact. 


Since (R,r*) is coarser than the Euclidean topology, the rationals 
remain dense in the new topology. Thus (R,7’) is separable, 


23. Countable Fort Space 


24, Uncountable Fort Space 


finite or includes p. If X is countably infinite, we call this space count. 
able Fort space; if X is uncountable, then uncountable Fort space. 


1. 


(x, 1) is Ts, since if 4 and B are Separated sets and neither con- 
tains P, they are both open. Otherwise, since A and B are disjoint, 
P 3S In exactly one of them, say A ; then B is open, but so too is 
xX = B. For if B were not closed it would contain infinitely many 


X is compact, since any open covering of X must contain a neigh- 
borhood U of P whose complement is finite. So U, together with 
one neighborhood containing each point of X — U, is a finite sub- 
cover. Furthermore, X is sequentially compact since every se- 
quence of infinitely many distinct points contains a subsequence 
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which converges to p. In fact, if X is uncountable, p is the only 
limit point of any infinite countable subset, so such an X cannot be 
separable. 


If X is uncountable, it is not first countable either, since p cannot 
have a countable local base. For suppose { U,} is a countable col- 
lection of neighborhoods of p; then X — U; is finite, so 
U(X-U)=X-NU, is at most countable. Thus 
t=) t=1 


(\ U; ¥ p, so there exists a point ¢ #p in U,, and hence 
tal 


X — q is a neighborhood of p which does not contain any U;. 
So (U,} is not a neighborhood base of p. 


6. But if X is countable, it must be separable (it is a countable dense 


subset of itself) as well as second countable, for the total number 
of neighborhoods of p—the only point in question—is countable, 
being in one-to-one correspondence with the totality of all finite 
sets. So countable Fort Space, since it is regular, must be 
metrizable. 


7. Every point q of X, except p, is both open and closed, so {q} and 


X — {q} separate X. Thus X is totally separated. But X is not 
extremally disconnected, for if A is an infinite set with an infinite 
complement which contains p, then A is open, although A = 
AY {p} is not open. 


8. X is scattered since in T, spaces, every dense-in-itself subset must 


contain an infinite number of points. But this is impossible in X, 
since every point except p is open. 


9. Since every set containing p is closed, p has a local basis of open 


and closed sets. Since each other point is open, X will be zero 
dimensional. 


25. Fortissimo Space 


If X is any uncountable set, and p a particular point of X, we can define 
a topology on X by declaring open any set whose complement either is 
countable or includes p. 


1. This space, like uncountable Fort space, is completely normal and, 
like the countable complement topology, is Lindeléf but not com- 
pact, separable, or first countable, and thus not metrizable. But 
it is paracompact, since every open cover has a refinement con- 


sisting of one special open set which contains p together with open 
Points. 


3. X is not Pseudocompact since the function which maps a neigh- 
borhood of Pp to 0 and the elements of its countable complement 


4. If we double the points of X we obtain a space that is weakly 
countably compact and Lindeléf but still neither o-compuct nor 
pseudocompact. 


26. Arens-Fort Space 


origin contains all but a finite number of points in each of all but a 
finite number of columns. 


1. 2 contains Fort’s topology with particular point (0,0), so it is Th, 
1 To. 


(0,0) € Bthen AQ B x @ so A and B are not separated. Thus 
(X,7) is completely normal, 


3. (Xr) is not first countable, for it does not have a countable local 
basis at (0,0). For suppose {U,} was such a basis; then for each 
Positive integer 7, there are integers mui, Ni, each greater than 7 
such that (min,) © U;. Then X — {(mj,n;) k=1,2,3,., .} is 
4n open neighborhood of the origin which contains none of the 


4. Since ¥ is countable, it is separable, e-compact, and Lindeléf. 
But no neighborhood of (0,0) is compact and hence X is not 
locally compact, and thus neither compact nor countably compact. 
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5. Since X is T; and Lindeléf, it is paracompact. This can also be 
shown directly by selecting from an arbitrary open covering of X 
one set, say U, which contains (0,0). Then the covering consisting 
of U together with all of the open points in X — U isa locally 
finite refinement of the original cover. 


6. The identity mapping of X with the discrete topology onto (X,r) 
is a continuous function from a space which is both first and second 
countable to one which is neither. 


7. (X,r) is neither connected nor locally connected since every neigh- 
borhood U of (0,0) has a separation, namely, U — {p} and {p}, 
where p € U, p ¥ (0,0). 


8. Every neighborhood of (0,0) is closed since its complement con- 
sists of a discrete set of points, so X is zero dimensional, and thus 
totally separated. Also since every point but (0,0) is isolated, X is 
scattered, and not first category. 


9. X is not extremally disconnected, for the closure of the set S = 
{(m,n)|n is even} is SU {(0,0)}. But this set is not open, for it 
does not contain any neighborhood of (0,0). 


27. Modified Fort Space 


Let the set X be the union of any infinite set V and two distinct one point 
sets {a,} and {a2}, We topologize X by calling any subset of N open and 
calling any set containing z, or x2 open iff it contains all but a finite num- 
ber of points in N. 


1. X is compact for in any cover there is some open set containing 21, 
the complement of this set is then finite and hence covered by a 
finite subcover. 


2. X is T, for each point in N is open and both 2 and 22 have neigh- 
borhoods not containing any other given point. 


3. X is not T> for x, and 22 do not have any disjoint neighborhoods, 
thus X is not Ts, Ty, or T;. 


4. Every point of X isa component since every set containing more 
than one point is separated, thus X is totally disconnected, and 
not locally connected. 


WX =AUBisa separation of XY and 2; € A then A is a closed 
and open set containing 2). Then since the closure of any open set 
containing x; contains r., x. € A. Thus the quasicomponent of 2, 


an 


on Counterexampies 


contains {x,} U {22}. But no point of N is in the quasicomponent 
of {21}, Thus {21} U {29} isa quasicomponent though every com- 
ponent consists of a single point. So X is totally disconnected but 
not totally separated, and not zero dimensional. 


X is scattered since it is T,, and thus any dense-in-itself subset 
must be infinite; but any set with three or more points contains 
an isolated point. 


X is sequentially compact since any sequence has either one point 
repeated infinitely many times or infinitely many distinct points 
In the first case the subsequence of repeated points converges to 
itself, while in the second case the subsequence of distinct points 
converges to both x; and 2. 


28. Euclidean Topology 


We define the Euclidean (or, usual) topology on the set R of real num- 
bers by using as a basis sets of the form (a,b) = {la <x <b and 
a,b,c © R}. 


1. 


The Euclidean topology on R is generated by the metric d(z,y) = 
|x — yl, where [z| denotes, as usual, the absolute value of the 
real number +. So the metric space F satisfies all of the separation 
axioms. Furthermore, F is complete, so of the second category. 


R is second countable (and therefore first countable and Lindeléf) 
since sets of the form (a,b) where a and b are rational, form a 
countable basis for R. Since the rationals are a countable dense 
subset of the reals, R is separable. 


If {a,} is the sequence 1, 1, 1, 2, 1,3, . . . , Lis the only accumu- 
lation point of the sequence, but is not a limit point of the 
sequence. 


R is not countably compact, since the open intervals (n,n + 2), 
n=0,+1, +2, .. . cover R but no finite subcollection covers R. 
But F is locally compact and o-compact, since the closed and 
bounded intervals [a,b] are compact. 


Every closed subset A of R is a Gs-set since A = (\ A, where 
=1 


A, is a neighborhood of A of radius 1/n—that is, A, = 
yo B(z,1/n). Each point not in A is contained in an eball 


which is disjoint from A, and thus disjoint from some Ap. 
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Any open cover for R covers each of the compact intervals 
[n,n + 1], so an open cover can be reduced to a sequence of finite 
subcovers {@;)} for each interval [n,n + 1]. Then the setsG; (\ 
(n — 1,n + 2) form a locally finite refinement of the original open 
cover. Thus F is paracompact. 


The topology on R can be given also by a quasimetric such as 
d(z,y) = y— x if y > 2, and d(a,y) = 2(2 — y) if y < x. Basis 
neighborhoods are off-center intervals, since points to the right 
of x are closer to it than are points to the left. 


The collection of sets Si, = {(z,y)|a,y <b or z,y >a}, where 
a,b € Randa < b, is a subbase for a uniformity U which gener- 
ates the usual topology on R, but U is clearly not the usual metric 
uniformity. 


Euclidean n-space R* is defined to be the product of n copies of R. 
The product topology is that generated by the basis of open rec- 
tangles, sets formed by the cross product of one open interval 
from each copy of R. An equivalent basis consists of open n- 
spheres, the metric balls under the metric d(z,y) = [2(x; — y,)*]"?. 


29. The Cantor Set 


The Cantor set C' consists of all points in the closed unit interval which 
can be expressed to the base 3 without using the digit 1. This representa- 
tion of points of C is unique, for even though many rational numbers 
have two possible ternary expansions—such as 4 = 0.10000... = 
0.022222 . . .—no number can be written in more than one way without 
using the digit 1. 


1. 


Geometrically, the Cantor set is the set obtained by deleting a 
sequence of open sets, known as middle thirds, from the closed 
unit interval. The exact construction is as follows. From the 
closed interval F, = [0,1], first remove the open interval (3,3), 
leaving E2 = [0,3] U [2,1]. From the remaining intervals, delete 
the open intervals (1/9, 2/9) and (7/9, 8/9). Four closed intervals 
will remain; Z; will denote their union. From these four, remove 
middle thirds as before, leaving Hy, the union of eight closed 
intervals. The Cantor set C is then the intersection of the suc- 
cessive closed remainders: C = (\ Ej. 
i=l 

The Cantor set is closed and compact because it is the intersection 
of closed subsets of the unit interval which is compact. Thus C 


be & complete metric Space and therefore satisfies all Ty axioms. 
I urthermore, C ig second countable since the unit interval is 


Cis dense-in-itself since every open set containing a point pec 
contains polnts of C' distinct from p. Thus C is not scattered, and 
since it is closed, it is Perfect, at: 


of [0,1]. Being nowhere dense in (0,1], C is obviously of the first 
category in the closed unit interval, But, being itself 4 complete 
Metric space, it is of second category in itself, 


The Cantor set is uncountable. We can define a function f from 
the Cantor set onto the uncountable set [0,1] as follows, Ifzee 


the Point in (0, y whose binary expansion is obtained by replacing 
each digit 2 in the ternary expansion of x by the digit “1.” 
Clearly all Points in [0,1] may be obtained by such a Process. 


A=CN (0,7) and B=CN\ (7,1) is a g i 
; eparation of C wh 
@€Aandve B. Thus C is totally separated. meas 


But C is not extremally disconnected, since CO (0,1/4) and 
se (1/4,1] are disjoint open subsets of C With intersecting 
closures, since 1/4 = 0.02020202 . - - belongs to both elosures- 


The infini tT 
countably infinite product 4 = u A,, of the two point 


: a 
hcting space A, = {0,2} (for all n) is homeomorphie to the 

antor set. In C, basis elements consist of all sets of the form 
{yl Jz — yl <<} forz € Cand ca positive number. In I14,, the 
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3%. The Rational Numbers 


31. The Irrational Numbers 


Let Q be the set of rational numbers, Q C R. Then R — Q is the set of 
irrationals. In each case we impose the topology induced by the usual 


topology on R. 


If B. is the set containing the single rational a, then U, B, = Q 
but U. By = R. Also (UB,)* = & while OBE = R— Q. 


Q is an F,-set in R that is neither closed nor Gs, since its comple- 
ment is neither open nor F,. Thus R — Q is a Gs-set, in fact 


QNR—-O) = Sout dnR-OH =e 


The Euclidean metric makes both Q and R — Q into metric 
Spaces and thus they are completely normal and paracompact. 


If {7,} is an enumeration of Q, we can define a new metric on R by 
The metric d adds to the Euclidean distance between x and ya 
contribution which measures the relative distances of z and y 
from the rationals Q. If B.(p) isa Euclidean metric ball and A,(p) 
a d-metric ball, it is clear that 4p) C B.(p). The converse fails 
since if r is rational and ¢ sufficiently small, Adr) = {r}; hence in 
the metric space (R,d) the rationals are open, 

But if we restrict d to the irrationals R — Q, we can always 
find, for each ¢, a 6 so that Bs(p) C A.(p). Thus the metric space 
(R — Qa) is homeomorphie to the Euclidean irrationals. 

But (R — Q,d) is complete, since no sequence {z,} which 
converges in the Euclidean topology to a rational rz can be 
Cauchy: for each x, in such a sequence, there exists a term x, 
(where m > n) such that (tym) > lta — Im| + 2-+. Of course, 
those sequences which are Cauchy converge to irrationals, so 
R— Qis topologically complete. 


max — max >—_. 
iss lt—rl Sa yr 


d(x,y) = |e ~ yl + ) eine (1, 
t=r 


The complete metric Space R — Q is of the second category, 


6. 
while Q, the countable union of one-point subsets, is of the first 


category. 


‘i Counterexamples 


32. 


7. Q is clearly separable and R — Q is separable since the irra. 


10. 


tionals of the form x + q, q © Q are dense in R — Q. Thus Q 
and R — Q are second countable. 


Since in either Q or R — Q the only compact sets are nowhere 
dense, it follows that neither Q nor R — Qare locally compact 
or o-locally compact. However Q, being countable, is e-compact. 


Both Q and R — Q are totally separated, but since Q and R — Q 
are both dense-in-themselves neither is scattered, though both 
are Zero dimensional. 


[0,1] 1 Q is totally bounded, but not compact. 


Special Subsets of the Real Line 


If R is the real line with the Euclidean topology, we consider the fol- 


lowing subsets: 


1. 


2. 


3. Let {an} be the sequence 1/1, 1+ 1/1, 


4. Let A, = (1 — I/n, 14 1/n) for n = 1,2,3,....04, = 


Let A be the set of all points 1/n, forn = 1,2,3,... 

(a) A=AU {0}. 

(b) 0 is a limit point and an «accumulation point but not a 
condensation point of the uncountable set AU [2,3]. 

(c) The set A contains a Cauchy sequence (1, 3) 3,---) which 
has no limit point in A. 


Let A = {0} U {1/n|n = 1, 2,3, ...}. 

(a) A is not locally connected, for no neighborhood of 0 is 
connected. 

(b) If B is any countable discrete space, and f: BA any 
one-to-one correspondence, then B is locally connected and 
fis continuous, but A = J(B) is not locally connected. 

(ec) A is totally separated, since if a,b © A where a < b, we 
may select an irrational a such that a <a<b and 
AM [0,a) and AN (a,1] separates A so both the compo- 
nents and quasicomponents of A are single points. 

(d) A is not extremally disconnected since {1/2k} is open, but 
its closure contains 0 and is not open. 


1/2, 1+ 1/2, 1/3, 
14+ 1/3, ...,1/m,1+ I/m, ... . Qis a limit point and an 
#-accumulation point of the set of numbers in the sequence. It is 
an accumulation point but not a limit point of {a,}. 


10. 


MAP = 1. (An)? = LLY? = O, 80 (MAx)? is properly con- 
tained in (A,°. 


Let A = (0,3) VU G1). - 
@) A ary Av? = Av? = (0,1), and Ae = An = A> = 
[0,1]. y 
(b) A = (0,1), so A° is a proper subset of A‘. : ' 
(c) (0,3) and (3,1) are both regular open, but their union, A, 
is not regular open. 7 
(d) If By = (0,3) and B, = @,1), (BiB) = 9B, but BO 
B, = {3}. 
={h 3} is i tion of the regu- 
Tf A, = [0,3] and Az = [3,1], {4} is the intersec 
lar ae an A, and A2, but is not itself regular closed. A; an 
A; are also an example of sets for which A,° U A2® ¥ (Ai U A:)?, 
since Ay°U A? = (0,3) U (3,1), but (AiU A2)°= (0,1). 
= i hic to the subset 
Let A = (0,1) and B = [0,1]. A is homeomorp 
(0,1) of {0,1}, B is homeomorphie to the subset (1/4,3/4] of A, 
but A and B are not homeomorphic. 


Let A = {0} U [1,2] U {3} and let B= (0,1 {2} U {3}. A 
and B are homeomorphic as subspaces, but there is no homeomor- 
phism of R onto F taking A onto B. 

Consider the set A = {1/nln = 1, 2,3, . . .}U (,3)U ae 
{42} U [5,6] U {2|z is rational and 7 < x < 8}. There eH . 
distinct sets that can be formed from A (including A itself) by 
successive applications of the closure and complement opera- 
tions; these sets are depicted graphically in Figure 12. 


Let Z+ be the set of positive integers. If d(x) = |z — ylis ie 
usual metric for Z+, we define a new metric on oy mee 7 
|x — y|/zy. The metric topologies for (Z*,d) and (Z+,8) - . 
discrete and thus are homeomorphic. Clearly, every rae y 
sequence in (Z+,d) must eventually be constant and so (Z*, ee 
complete. The sequence 1, 2, 3, .. . , isa Cauchy ae 
(Z+,8) since for ¢ > 0 if we choose an integer u® > Ve a 
for m,n > N(6) we have 6(m,n) <. But clearly 1, 2, . . .cann 
converge in (Z+,6) and thus (Z+,8) is not complete. 


33. Special Subsets of the Plane 


J. 


Let 2? = R X R be the Kuclidean plane. The set A of esas 
{(z,y)|zy > 1), where a,y € R, is a vines: subset is fi ‘ = 
projection map p: KR? > Rk taking (x,y) in R? to # in R, is open, 
but it is not closed since p(A) is not closed. 
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2. Let A be the subset f R=RKR consisting of all points with 
at least one drrational coordinate, and let A have the induc d 
topology. A IS are connected since a point (ryy:) with tes aN 
tional courdinates mmay be joined by an are to any? point (a,b) an 
as follows. Since (a,b) © A either @ or b is irrational, say Then 
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the union of the lines z = 4, y¥ = y.isan are connected subset of X 
containing (21,41) and (a,b). Hence any point of A can be connected 
by an are to (21,41). 


3H. One Point Compactification Topology 


35. One Point Compactification of the Rationals 


Let (X,r) be a nonempty topological space, and let p be a point not in X. 
We define X* = X U {p} and deseribe a topology 7° on X* by calling 
aset in X* open iff it isin or is the complement of a closed and compact 
subset of (X,r). 
1. (X*,r*) is compact since any open cover U of X* contains an open 
set about p and the complement of this open set is covered by a 
finite number of sets in 4. 


2. (X*,r*) is T, iff (X,r) is since if z € X*, z ¥ p then X* — {r} is 
an open set containing » when (X,r) is Ty. Conversely (X,r) is a 
subspace of (X",r*) hence is T, when (X*,r*) is. 


3. (X*r*) is Ts iff (X,r) is T, and locally compact. For if x,y € X 
they may clearly be separated in X* ;ify = pand (X,r) is T, then 
any compact neighborhood of z is closed so its complement is 
an open set about p disjoint from some open set about x. Con- 
versely if (X*,r*) is T; so is (Xr) as a subspace. To see that (X,r) 
is locally compact let x € X, and let U be an open neighborhood 
of x disjoint from an open neighborhood V of p. Then X* — V is 
a compact neighborhood of x. Thus since (X",r*) is compact 
(X°,r*) is Ty if it is T.. 

4. If (Q,7) is the rationals with the topology induced by the Euclidean 
topology on the reals, (Q",r*) is not Hausdorff, since (Q,r) is not 
locally compact. But since (Q,r) is T; so is (Q°,r*) and thus (Q*,7") 
satisfies no higher separation axioms. 


5. pis a dispersion point of Q* for, clearly, Q* — {p} is totally dis- 
connected and Q* is connected since uny open set containing p 
has a nowhere dense, and thus non open complement. Thus 
(Q",7*) is biconnected. 

6. Every sequence in (Q*,r*) must either be contained in a compact 
subset, or must contain a subsequence converging to p. In either 
case, the original sequence must contain a convergent subse- 
quence, so (Q",r*) is sequentially compact. 


04 Counterexam ples 


36. Hilbert Space 


37. Fréchet Space 


rah space H is the set of al] Sequences x = (r;) of rea] numbers 2; 
such that 2x7 converges together with a topology generated by the 


metric d(z,y) = [B(x, — yy? 
1, 


é 1s a complete metric Space, for whenever a, at a3 is a 
auchy Sequence in H, then for each 1, {zA}R, is a Cauchy se- 

Serial the complete metric space R and thus converges to a 
joint of #, say x;. Then if 2 = (e,), the poi ; 

i eat i), the points  — 24 eventuall. 
elong to H, sox = (® — 24) + x7 must be in H, and d(x,23) nied 


set. Thus, since H is a metri it i 
bak nee metric space it is also second countable 


{yid(z,y) < e} are not compact. For the points yn = (x, x» 
ne 9 Bay ws 


= T+ 6 Ina, . . .) are in B(a,e), yet I(YnjYm) = /D¢ when. 
n # m. Thus {y,} has no convergent subsequence. 


Fis His Hausdorff any compact subset C is closed. If a set C 
as nonempty interior it is not compact since H is not locall 
age at any point. Thus any compact subset of H is nowhere 

ense. Hence, since H is a complete metric space and thus 
category, H is not -compact. eee 


#7 is are connected since the entire |i 
] r : entire line segment joining any tw: 
tes of H lies entirely in H. That is, if 2 = (z;) and y a ) we 
z Say the function Ff: 10.1) H defined by f® = te + 
‘ Y= (e+ (1 Dy) is a path joining x to ¥, since 
(a: + 1 — dy)? converges. “ 


His homeomorphic to R», th infini 
nee naretioe . » the countable infinite product of copies 


ee comparison of the corresponding basis elements shows 
e product topology on Re may be given also by the Fréchet 


product metric: 
d(z,y) = » 2a — yal 
; V+ |ei~ yi] 
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In this case we call the metric space (R*,d) Fréchet space, and can 
prove, as with Hilbert space, that Fréchet space is complete. 


Every separable metric space (X,d) can be mapped homeomor- 
phically onto a subspace of Fréchet space by the function S@) = 
(d(x,x;)) where z € X and {z,} is a countable dense subset of X. 


38. Hilbert Cube 


The subspace I+ of Hilbert space consisting of all points c = (a, 22, 
%y, . . .) such that 0 < 2; < 1/7 (or homeomorphically, |r| < 1/7 for 
each integer 7) is known as the Hilbert cube. 


1. 


I+ is homeomorphic to the countable infinite product of the closed 
unit interval, J = [0,1]. f:J¢— I I; by flay, 2, ta, . . j= 
tol 


(a, 212, 323, . . .) is a bijective function which is both open and 
continuous. (This is why the Hilbert cube is denoted by I*.) 


I, being a subspace of Hilbert space, is a metric space and thus 
completely normal. 


J» is separable and second countable, for the points with rational 
coordinates for a finite number of x; and 0 for the other z,; form 
a countable dense subset. 

I+ is compact since it is homeomorphic to II J,, which is compact 

f=] 

by the Tychonoff theorem. This may also be proved directly by 
considering a sequence {z,} of points of J*. The sequence of first 
coordinates, {x,*} consists of real numbers from the compact 
interval [0,1], so there is a subsequence of {x*} whose first eoor- 
dinates converge to some point 21 € (0,1]. Similarly, the second 
coordinates of this subsequence belong to [0,3], so there must 
exist another subsequence whose second coordinates converge to 
a number az € [0,3]. We may use induction to continue this proc- 
ess of constructing subsequences. Then the diagonal subsequence 
consisting of the first member of the first subsequence, the second 
member of the sccond subsequence, and so on, converges to the 
sequence (x1, 22, £3, . . .), which belongs to I. 


J+ is are connected for if x = (x,) and y = (y,) belong to I* then 
so do the elements fx + (1 — Dy = (tz; + (1 — dy, for all 
0 <i <1. Similarly, each metric ball contains the entire line 
segment joining its center to any point in it (since for 0 < t < 1, 
d(z,tx + (1 — t)y) < d(a,y)). So I is locally arc connected. 


50 Counterexamples 


39. Order Topology 


Let X be a set which is linearly ordered by the transitive relation “<<.” 
We define the order (or interval) topology on X by taking as a basis the 


open intervals (y,z) = {ee Xly cre 2} for each pair y,z © X where 
y<az. 


1. 


We will call a set S C X convex whenever it contains all points 
which lie between any two of its points: if a,b © S and ifa< 
t <6, then t € S. This concept is to be distinguished from an 
interval in X which is a set of points lying between two fixed 
Points of x; as usual we denote intervals by (a,b), (a,b), (a,b], or 
(a,b) according to whether they do or do not contain their cde 
points. Clearly every interval is convex but not conversely. 


The union of any collection of convex sets with nonempty inter- 
section Is convex. So any subset S of X can be uniquely expressed 
as a union of disjoint, nonempty, maximal convex sets called 
convex components; the componént of § which contains the point 
p & Sis just the union of all convex subsets of S which contain p. 


Suppose A and B are Separated subsets of X: let 4* = Uf {a,b} 

L = a,b 
€ A, [a,b] \ B = Gj, and let BY = Uffa]la,b EB, [2,0] 0 A 
= Oh. Then AC A* since for a € A, [a,a] = {a} is disjoint 
from B. Further A’ BY = @, for if Pp © A* B*, then there 


Tn fact, we can prove more: A* and B* must be separated. To 


prove this, _We observe first. that A* CA*UA. For suppose 


(3) OA =. @ and a,b € A then (s,t) © (a,b) which would imply 
that p € A*. But since p ¢ A*, we must have (8,t) \ A* = D. 
Thus p ¢ A*. Thus 4° BC (A°U A) A) BY (AA BYU 
(AN B) = g. 

If we now write A’, BY and (A*U B*)’ as the union of convex 
components, A* = UA,, BY = UBa and (A* U BY)! = UC), the 
collection M = {A «/39,C,} inherits a linear order from X and is 
thus itself a linearly ordered set. We claim that in the ordered 
set M, . each of the sets A, (and similarly, each of the sets Bg) has 
an Immediate successor whenever A, intersects the closure of Say 
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the set of strict upper bounds for A,. In this case we can show that 
the successor to A, is an element of {C1}, which we will denote 
by C.t. 

For suppose A.\8, * @; then A, §, contains precisely 
one point, say p, which belongs to the complement of the closed 
set B’, so there exists a neighborhood (z,y) of p disjoint from B’. 
Then (z,y) 1S. ¥ @, 80 (p,y) ¥# ©. But (p,y) is disjoint from 
both A* and B*, so there must exist some set C, containing (p,y). 
In the linear order on J, C, is the immediate successor to As 
and we will call it C.+. 


For each +, select and fix some point k, € Cy. Then whenever 
Aa 8a # ©, there exists a unique k,+ € C,+, the immediate 
successor of A,. In such cases, let Ig = [p,kat) wherep € AN S,; 
otherwise, if AS, = @, let I, = @. Define J, similarly for 
the strict lower bounds of Aq (using the same collection of points 
k, © C,). Then for each a, let Ue = Ja UU Ag U Tq, and similarly 
for each 8, let Vp = Jg U Bg U Ip. Each U, and Vz is clearly a 
convex open set containing A, and Ba, respectively. Thus U = 
UU., V = UV,z are open sets containing A* and B’, respectively. 
Since no A, intersects any Bg, and the use of the same k, through- 
out implies that no Jy or Js may intersect any J, or I,, it is clear 
that no U, can intersect any Vs. Thus UA V = @, and hence X 
is Ts. Since the points of X are clearly closed, X is T,, and thus 
completely normal. 


The order topology on X is compact iff it is complete—that is, 
iff every nonempty subset of X has a greatest lower bound and a 
least upper bound. This condition is clearly necessary, for if 
ACX and if A has no least upper bound, then the sets P, = 
{alz < a} and Ss = {x|x > 8} for a € A and Ban upper bound 
of A cover X but they contain no finite subcover. To prove it 
sufficient we need only consider, for any given open cover % of X, 
the set S of those elements y € X for which [a,y) (where a = 
g.l.b. X) can be covered by finitely many members of %t. If a = 
lub. S and ifa € U € 4, then U C S. There then exists, unless 
a = Lu.b. X, an interval (z,y) C U such that a € (z,y). Then 
(ay) = @ since a = |.u.b. S. But this would mean that yES, 
which is impossible. Thus S =X. 


Whenever X contains two consecutive points (that is, whenever 
some interval (a,b) is empty), X can be separated by {2\|r < a} 
and {x|r > b}. Similarly, if X contains « bounded set A with no 
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empty subsets of X whose union is X, and 
less than every point of B, then there exists 
g.l.b. B. We will use this version to prove sufficiency. 

Suppose U and V are disjoint nonempty 5 
point » € V. Let # be the convex compon 
v € Band so the Dedekind cut axiom guarantees 


and thus in U ; So there exist points x,y such that 


9. If X is a connected set with the orde’ 
z <p} and S, = {x © Xz > p}. 
40. Open Ordinal Space (0,1) (7 < Q) 
41. Closed Ordinal Space [0,1] (r < 2) 
42. Open Ordinal Space (0,0) 


43. Closed Ordinal Space [0,2] 


Closed ordinal Space consists of the set of a} 
or equal to some limit ordinal T, togethe 
Open ordinal space is the subspace [0,P) con: 
less than T’. Sets of the form (a8 + 1) = (a,8] = {zla<cre< B+ 1} 


form a basis for this to) , i i 
‘ pology. We will consider two special cases: 
P = Q, the first uncountable ordinal, and P < Q. i ai 


1 ordinal numbers less than 
r with the order topology. 
sisting of all ordinals strictly 


1. In ordinal space [0,0], {2} is a closed set that is not a Gy-set 
{2} is closed since its complement (0, : 
Ge-set, since for any countable collection G, of open sets con- 
taining Q, we can find a collection of basis elements of the form 


; and are often sum- 
nd B are disjoint non- 
if every point of A is 
Lu.b. A and it equals 


; open sets whose union 
is X, and assume that U contains a point w which is less than some 


, ent of U which con- 
tains u, and let A = WU {ftEXe <ul. rea xa Bas 


J ‘i the existence of 
4 pont p = lub. A = gb. B. If Pp € A, then it must be in E 


PE (z,y), 


; : d r topology, any point pEXx 
is a cut point, since X — {p} is separated by P, = {x€ X| 
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(a:,0] C G, for each i. The least upper bound of the a; is an 
ordinal + less than Q, since each @;, or equivalently, each [0,«;) 
is countable and the countable union of countable sets is count- 
able. Therefore NG; D (7,0] ¥ {0}. 


Thus ordinal space [0,0] is not first countable, since the point @ 
does not have a countable local basis. In fact, Q is a limit point 
of the set (@,Q) but it is not the limit point of any sequence of 
points in (a,2). , 


Similar reasoning shows that [0,0) is not separable, for the least 
upper bound of any countable subset of (0,9) is countable, and 
will be strictly less than @. Therefore, there will always be an 
open interval (a,2) in the complement of a countable subset. 
Thus both [0,2) and {0,0] fail to be separable. But unlike [0,9], 
(0,2) is first countable, since the only point of [0,2] which does 
not have a countable local basis is Q. 


Since all order topologies satisfy all the separation axioms, each 
ordinal space is completely normal. But [0,0] is not perfectly 
normal, since the closed set {@} is not G;. 


Although neither [0,9] nor (0,2) are second countable, both (0,T] 
and [0,I) are (for fT < Q) since each point has a countable local 
basis, and there are only countably many points. Thus, since 
ordinal spaces are regular, both [0,T] and (0,1) are metrizable. 


Every subset of each ordinal space has a greatest lower bound 
(its first element) and every subset of [0,I'] has a least upper 
bound. Therefore, [0,I'] is a complete order topology, and thus 
compact, Similarly, the closure of each basis neighborhood is 
compact, so every ordinal space is strongly locally compact. 


The open subset [0,1’) of {0,I] fails to be compact since the col- 
lection {{0,a)|a < I} is an open cover with no finite subcover 
(since T is a limit ordinal). 


Since [0,0] is compact, it is countably compact. Thus every 
sequence in (0,2) has an accumulation point in [0,2]. But 2 can- 
not be an accumulation point of any sequence in [0,2). So every 
sequence in [0,Q) has an accumulation point in (0,0), which means 
that [0,2) is countably compact. 


Because a space is compact iff it is both countably compact and 
metacompact, and since {0,0) is countably compact but not 
compact, (0,2) cannot be metacompact or paracompact. 
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10. Since every Ts Lindelot space is paracompact, (0,2) is not 1. X is well-ordered, since it is a subset of [0,2) yet its topology 
Lindelof, and thus not e-compact. But {0,0} being compact, is is discrete since X¥ 1 (a,0 + 2) = fa + 1} is open in X. Thus 
both Lindelor and o-compact. the topology on X is not the topology given by its natural ordering. 

11. Since it is first countable and countably compact, [0,0) is se 2. The product set (0,2)  Z, where Z ig the integers with the lexico- 
quentially compact. graphic order ((a,n) < (a',n’) if <a! orifa = @ and n <n’ 

12. A . i Pe is a linearly ordered set in which every element has both an im- 
aii vom function f on (0,2) must be even- mediate predecessor and an immediate successor. Thus its order 
this, w ae at 1s, constant on some set (a,2). To prove topology is also discrete and so, since it has the same cardinality 

» We verify first the existence of a sequence a, € (0,2) such as X, it is homeomorphic to X 
: : 


that |f(g) = San)| << 1/n whenever 8 > a. For if no such se- 
quence existed, there would be some integer ng for which we 
could construct inductively an increasing Sequence y,; € [0,9) 


3. The discrete metric on X yields the discrete uniformity U, which 
has as a base the diagonal A = {(@@2) EX x X|x © X}. Thus 


such that |f(y,) — J(yia)] > 1/no for each 7. But the sequence U1 is a metrizable uniformity. 

‘Yi Converges to its least upper bound , whereas the Points f(y;) 4. The uniformity Us which is generated 
cannot converge. This is impossible for a continuous function f. by the basis of all sets of the form 
So the Sequence a, exists, and it has a least upper bound a<Q. B.= AU (wy EX X|x > zand 
Clearly f is constant on (2,2). ¥ > 2} also yields the discrete topol- 


ogy. However U2 does not have a 
countable base since every countable 
subset of X has a least upper bound 
less than 2. Thus (X,U,) is a nonme- 
trizable uniform space whose topology 


13. All ordinal Spaces are zero dimensional, since the basis elements 
(2,6] are closed. But hone of them are extremaily disconnected 
since the open set A = {1, 3, 5, 7, .. J has as its closure 
AU {o}, a set which is not open, 


14. Since ordinals are well-ordered, every subset of ordinal space is metrizable. 
with at least tyo points contains both a first and a second ele- 
ment; thus the first element cannot be a limit point of the set, 45. The Long Line 
so no nonempty subset of ordinal space can be dense-in-itself, 
Thus each ordinal space is scattered. 46. The Extended Long Line 
15. The ordinal space (0,20) is, like (0,2), Sequentially compact but The long line L is constructed from the ordinal space (0,9) (where 2 is 
not compact. But, unlike (0,0), (0,22) is not first countable, the least uncountable ordinal) by placing between each ordinal a and 


its successor a + 1 a copy of the unit interval J = (0,1). L is then 
linearly ordered, and we give it the order topology. The extended long 
line L* is constructed similarly from [0,9]. 


16. If we expand the interval topology on (0,02) by declaring open 
each ordinal nQ, we will have, essentially, a countably infinite 
Sum of copies of (0,2). This new Space will fail, like (0,0), to be 
metacompact and furthermore it will fail to be countably com. l. Lis not compact, since the open covering by sets of the form 
pact since the summands form a countable cover with no finite tyly < a}, a E (0,9) has no finite subcover. In fact, it has no 
subcover. But clearly (0,02) with the ney topology will still be countable subcover, since the least upper bound of any countable 

collection of ordinals a € [0,2) must be countable, and therefore 

cannot equal 2. Thus L is not Lindeléf, and therefore not 


44, Uncountable Discrete Ordinal Space ve ompaet, . 
I . . 2. Fora similar reason, L is not separable. If D 1s a countable subset 
ct NX be the set of points of the form @ + Jin [0,2) where o is a limit of L, and if B is the least upper bound of D, the set fy € Lly > g} 
ordinal, together with the subspace topology induced by the order is 1 nonempty open subset of L which is disjoint from D. So D 


topology on {0,0). cannot be dense in L. 


«~ Counterexamples 


3. Lis first countable since each point € L is the least upper bound 


of a countable collection {z,} of points in L which precede it. So 
((ea,2 + 1/n)} is a countable local basis for the topology at the 
point z. . 


Since L and L* carry the order topology, they are both completely 
normal. Furthermore, although L’ fails to be perfectly normal 


open interval which is disjoint from A and which is eventually 
disjoint from the nested open neighborhoods of A. 


L’ is compact since each open neighborhood of 9 has a compact 
complement. So L is countably compact, for just as in the ordinal 
space [0,0), every sequence in L has an accumulation point which 
must be in L. Clearly L is not compact, and thus, since it is count- 
ably compact, neither metacompact nor Paracompact. 


L is are connected since whenever p,q € L, the interval [p,q] is 
homeomorphie to the closed unit interval. L’, being the closure 
of L, is thus connected, but it is not path connected, for no path 
can join any point to Q, 


Since both L and L* are countably compact and regular, they are 
of the second category. 


47. An Altered Long Line 


To the long line L we add a point p. Open sets of LU {p} are the open 
sets of L together with those Senerated by the following neighborhoods 


2 
of p: Ug(p) = {p} Uf 2% (a,@ + 1)} (where | SB <Q). Us(p) is then 


a right-hand ray less the ordinal pints. We consider p to bet 


he greatest 


element of LU {p}. 


1. 


2. 


If ab € Ly {p}, saya< b, then there exists a z such that 
a<2z<b. Thus {2\r < 2} and {z|z > 2} are disjoint neighbor- 
hoods of a and b, so LU {p} is Te. 


No Us(p) contains U.(p) for any a Hence LU {p} is not Ty; 
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but since it is T2, it cannot be compact. Yet, LU {p}, like the 
extended long line, is countably compact, connected, and not 
separable. But it is not Lindeléf, for the cover consisting of the 
sets (6,8 + 2) together with U,(p) has no countable subcover. 


48. Lexicographic Ordering on the Unit Square 


Let X be the unit square in the plane: X = ((2,y)|0 <a <10<y<1}. 
We order X lexicographically ((x,y) < (u,v) iff <u, or z = u and 
y < v) and place the order topology on X. 


ie 


2. 


Since X carries the order topology, it is completely normal. 


Every nonempty subset A of X has a least upper bound. Although 
this is not obvious, it is at least clear that the set of first coordi- 
nates of points of A, being a subset of the closed unit interval, has 
a least upper bound; let a = Lub. {(,0)|(z,y) © A for some y}. 
Then if AM {(a,y)|0 << y < 1} = , (a,0) is the least upper 
bound for A. Otherwise, l.u.b. A = Lub. {(ay) € AO <y <1}. 
Thus X is a complete ordered space, and hence compact. 


The set L = {(x,y)|y = 3} is an uncountable Gy-set (trivially) 
which contains no perfect set. That is, L is an uncountable dis- 
crete subspace, which means that X cannot be separable since it 
contains an uncountable collection of disjoint open sets and thus 
fails to satisfy the countable chain condition. 


Since X is compact but not separable, it is not metrizable. How- 
ever, it is first. countable. 


Since in the linear order on X there are no consecutive points, and 

since every (bounded) subset of X has a least upper bound, X is 
connected. But X is not path connected since any path in X join- 
ing, say, (0,0) and (1,1) must be connected, and therefore must 
contain all of X—since in a linearly ordered space any connected 
set containing two given points must contain the entire interval 
between them. But X cannot be the continuous image of [0,1] 
since X contains an uncountable collection of disjoint open sets 
whose inverse images would form an uncountable collection of 
disjoint open sets in [0,1]. But this is impossible since each such 
open set would have to contain a rational. 


49, 


50. 
if 


Right Order Topology 
Right Order Topology on R 


Xisa linearly ordered set, the topology generated by basis sets of 


the form S, = falz > a} i i 
s called the right order topology ‘ 
left order topology is defined similarly using the sets P. ey We i ae 


1. For i C is a Ti 
aha al aE XN, every z < ais a limit point for fa}. So the 
sure oO Any open set is the whole space Y, and every right ord 
topology is weakly countably compact. bs 


2 jis , ie 
Clearly X is both hyperconnected and ultraconnected, thus path 


connected, locally connected, and pseudocompact. 


NV’ is always locally conipact, but. it is compact iff it contains a 


first element. But since the closure of any open set is the whole 
space, X will be strongly locally compact iff ¥ is compact, 


ma . ‘ 
If <y, then Sz is an open neighborhood of y which does not 


o 


“I 


oe at. So X is Ty, but clearly not T,. Thus it is not T. 
ae since there are no disjoint closed sets 
: eae X is T; vacuously since there ean be no separated sets 
1A and B are disjoint and nonempty, one of them, say A 
: , 


X is not perfectly T,, sinc ; i 
iia Y 1s, since the only open set which contains any 


i oe special case is the right order topology on the real 
a ig R; call this space (R,7). Then (2,7) is second countable 
r}reg is a countable basis for ,, Thus (f,7) is Lindelof, 


€ o-compact. 


Each set Pr= (rE Riz <r} is nowhere dense in (Rr), so R 


which equals U P. ig fox 3 
Hine seg is first category. But each P, is dense- 


Th i 
ears cover {S8,} of R, where 7 ig an integer, has no point 
einement, so (R,7) is not countably metacompact. 


Any finite set in (R, infini 
7) has infinitely many limit poi 
e ( ! Points, but 
Peters Points. Thus if we add to a finite set its ec neelint. 
ation points, we will not produce a closed set 
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51. Right Half-Open Interval Topology 


On the set X of all real numbers (or, more generally, any linearly ordered 
set), we choose a basis for a topology 7 to be the family of all sets of the 
form [a,b), where a,b © X. For obvious reasons, (X,r) is called the right 
half-open interval topology, or sometimes the lower limit topology. 
Then sets of the form (—,a), (a,b), or [a,+ ©) are both open and 
closed. Sets of the form (a,b) or (a,-+ ©) are open in X, since (a,b) = 
U{[a,b)la < a < b}. They are not closed, since sets of the form (— @,a], 
a,b], and {p} are not open, not being the union of basis elements. 


1. 


If A= (a+), A°= (ate), A¢=(—,0), and At = 
[a,+ 2). We see that A* 5 Ae, but Ae x Av, 


X is Hausdorff since the topology is an expansion of the interval 

topology on X. X is in fact completely normal, for let A and B be 

two separated sets in X. Then for each a € X — B there is an 

t_ © X such that a,x.) C X — B since X — B is open. We de- 

fine O4 = = {a,2.). Ox containing B is defined analogously. If 
A 


Oa’ Og # @, then for some a € A,bEB we have (a,a) 
(b,t6) # @. Say a <b: then b E {a,a.) C X — B, a contradic- 
tion. So O4 and Oz are disjoint. 


X is not second countable, for if S = {[z,y.)|¢ © Z+} is any 
countable set of basis elements there exists an a € X such that 
a # x; for any i © Z+. Then for any b > a, [a,b) is not a union 
of any collection of elements of S. 


However X is first countable, for at a point z, the collection of 
sets of the form [z,a;), where a; is a rational number, form a 
countable local basis. Furthermore, X is separable since the 
rational numbers are dense in X. Thus, since X is not second 
countable, it cannot be metrizable. 


Every compact subset of (X,r) is nowhere dense in the Euclidean 
topology on X; we will denote this space, as usual, by R. For 
suppose A is a subset of R which is not nowhere dense; then it 
contains some subset B which is dense in an interval [a,b] CR. 
Tf {b,} is an increasing sequence in BO [a,b] converging to b, 
then [— ~,a), [a,b;), {[b,bi42))2, and [b,) isa (countable) open 
covering of A which can have no finite subcover, since for each i, 
[bi,bign) AA 


(X,7) cannot be o-compact, for if X = UA; for compact A,, then 


R = VA; where each A; is nowhere dense. But since R is of the 
second category, this is impossible, 


But (X,r) is Lindeléf, for if U4} is an open coverj D, 

if U,° is the Euclidean Hate a niiiccne ee 
is Lindelof, {U.°} has a countable subcollection {U2} which 
covers U = UU,°. But the complement A = X¥ — U may be 
covered by a countable subcollection of {U4} since A ig & countable 


Since each of the basis sets (a,b) is both Open and closed, X js 
zero dimensional 3 sinee it is Ty, it is therefore also totally sepa. 
rated and totally disconnected, But, since X ig dense-in-itself, it 


Since X is both Lindeléf and regular, it is paracompact and thus 
fully normal, 


52. Nested Interval Topology 


On the open interval X = (0,1) we define a topology r by deelarin, 
all sets of the form U, = (0,1 ~ I/n), for n = 2 3,4, . 
with @ andy. es 


1. 


ig Open 
- , together 


Since every nonempty open set contain: i 
s both 2 and 4, X is not 
To, thus not Ti, Ts, or Ty. : : 


Similarly, since every nonempty open set contains 3, every neigh. 
borhood of the closed set (3,1) must also. Thus (X,7) is not Ts. 


Since the closure of any set S includes all Points of X greater 
than the greatest lower bound of S, there can be No separated sets: 
thus (X, 7) is T; vacuously, and thus T, also vacuously, : 


X is clearly hyperconnected and ultraconnected and thus is path 
connected, connected, locally connected, and pseudocompact, 


Since 7 is countable, X ig Second countable and thus first count. 
able, separable, and Lindeléf. 


Since all nontrivial open sets are of the form U, = (0,1 — 1/n), 
each open set except X itself is compact. Furthermore, no closed 
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set except @ is compact, since {U,} is an open covering of any 
closed set which can never have a finite subcover. 


pact since the closures of neighborhoods are not compact: U, = X 
for each n. Since X = UU,, X is ¢-compact and thus o-locally 
compact. 


X is not countably compact for the U, have no finite subcover, 
and thus not sequentially compact. ¥ is, however, weakly count- 
ably compact for if p is the greatest lower bound of any infinite 
set A, then every point x > p isa limit point of A. X is not count- 
ably metacompact since the open cover {U,} has no finite refine- 
ment and 1/4 is in every set in the cover. 


53. Overlapping Interval Topology 


On the set [— 1,1] we generate a topology from sets of the form [—1,b) 


for 6 > O and (a,1] for a < 0. Then all sets of the form (a,b) are also 
open. 

1. Xis To, but not T;, since the point 0 is not closed. Also X is not Ts 
since {-1} and {1} are closed subsets with no disjoint 
neighborhoods, 

2. X is compact, since in any open covering, the two sets which 
include 1 and —1 will cover x 

3. Every nonempty open set contains O, and the closure of any non- 
empty open set is the whole set X. So X is dense-in-itself and 
hyperconnected and thus connected and locally connected. 

4. Since this topology is coarser than the Euclidean topology X is 
are connected. 

5. X is second countable since the intervals (~1,0), (,f) and (s,1] 
for rational s,t such thats <0 <¢ forma countable basis. 

6. The sequence 0, 3, 0, 3,0,4, .. -haso as an accumulation point 


but not a limit point but any point greater than 2 is a limit point 
of this sequence. 


54, Interlocking Interval Topology 


Let X = R+ ~ Z*, the positive real numbers excluding the positive 
integers. The topology 7 on X is generated by the sets S, = (0,1/n)U 
(n,n + 1), where n € 7+. 


ry Counterexamples 


1 Xx is not To since 2! and 27 cannot be separated ; X is also na 
Ts since (2,3) and (3,4) are disjoint closed sets, but V has no dis 
Joint open sets. 


2. Since X is hyperconnected it is connected, locally connected and 
pseudocompact. ; 


3. {8,} is 4 countable open covering of X with no finite subcover, 
So (X,r) is not countably compact, and thus not compact. 


4. A basis for r consists of the sets S, together with sets of the form 
(0,1/n) for n > 2. Since each of the basis clements is comipact, 
(X,7) is locally compact and thus ¢ compact since US, = X. 


o 


Since {5,} is countable (X,7) is second c 
i F sountable and tl 
separable and Lindeléf, ieee 


6. The open cover {S,} has no refinement. But S, = (0,1) U (1,3) 


intersects every other set in the cover. So (X,r) i 
i: isn ] 
oe (X,r) ot countably 


7. But the cover {S,} is point finite, since each pointz > 1 belongs 
to only one member of the cover, and each point z < 1 belongs 


to finitely many members of the cover S 47) is 
metaconipact. Cees i 


55. Hjalmar Ekdal Topology 


ra Hjalmar Ekdal topology is defined on the set X of positive integers 
i including int precisely those subsets of X which contain the successor 
oO! every odd integer in them. Thus a set A is closed in (X,7) iff for each 
even point p in A P—1€EA, for if p ~ 1 A, it a t 

Hechicag Sy ve P ¢ A, it would be an odd 


1. (X,r) is just the sum of countably 
2. 


many copies of Sierpinski space. 
The sum of spaces is T; iff each of the spaces is T; since to sepa- 
nied two sets it is necessary and sufficient to separate them within 
each summand, for the summands are both open and closed. Thus 


X is To, Ts, and Ts only. I is cas 
y- In this case the sun ds are the s 
sets {2n —1,2n}. nmands are the sub- 


3. X is not compact since the covering by summands is an open dis- 
Joint infinite covering with no finite subcover, But since cach 
summand is second countable so is the sum X. The fact that the 
cover by summands is a refinement of any Open cover implies that 


x is paracompact. That these summands are finite implies that X 
is locally compact. 
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4. Since the subspaces {2n — 1,2n} are the components of X, X is 
locally connected and locally path connected, but neither totally 
separated nor totally disconnected. No subset, is dense-in-itself, 
so the space is scattered. In fact, since each even integer is open 
and not closed, X is neither first category nor zero dimensional. 


56. Prime Ideal Topology 


Let X be the set of all prime ideals of integers; that is, X is the set of all 
ideals P in Z whose complement is multiplicatively closed. We define a 
topology for X by taking as a basis all sets V, = {[P € X\x ¢ P}, for 
all € Z+, (Note that Vo = @ and V, = X.) 


1. Each basis element V, contains all but a finite number of prime 
ideals (those generated by the prime factors of x), while the ideal 
0 is contained in every basis element V,. Thus a subset of X is 
open iff it contains 0 and has a finite complement. 


2. A subset U of X is open iff there is an ideal I C Z such that 


U={PEX|I ¢ P}.ForifU = U_YV,, isthe ideal generated 
zEM 


by 4M, and conversely. So a set C is closed iff there is an ideal I in 
Z such that C = {P © X|I C P}. (This description may be used 
to define a topology on the set of prime ideals in any ring A; this 
space is normally called Spec A.) 


3. X is To, but not T; since 0 is in every open set. Thus X is not T, or 
Ts. Sinee any nonzero prime ideal is closed X does have disjoint 
closed sets and hence is not T, or T;, nor metrizable. Again since 0 
is in every open set X is hyperconnected and thus connected and 
locally connected. 


4. X is compact since every open set has a finite complement. Also X 
is second countable since the basis {V.}sez+ is countable. 


5. The map f: [0,1] + X defined by f(0) = P,fQ) = Qand fi) = 0 
for { © (0,1) is continuous for any P,Q © X. Thus X is both path 
connected and locally path connected since 0 is in every 
neighborhood. 


57. Divisor Topology 


Let X = {x © Z+\x > 2}, together with the topology generated by sets 
of the form U, = {x © Z+|z divides n}, for n > 2. 


1, X is Ty for if x <y then y ¢ U.; but every neighborhood of 6 
contains 3 so X is not T,, and thus not ‘Ts or Ts. 


SO Counterexamples 


2. If risa point of X the closure of x consists of all multiples of 2 


Thus X is T, vacuously, and also ultraconnected, path connected 


3. If neither of z or y divides the other the 
any open set containing x or y 
sor of z and y. Thus 6 and 8 m: 
X is not T;. 


‘they form separated sets, but 
contains the greatest common divi 
ay not be separated by open sets s 


4. The set of primes is dense in X for every 
Prime divisors of all of its elements; in fa 
therefore not nowhere dense so 


Open set contains all 
uct cach prime is open and 
X is second category. 


5. Since each Point has a finite neighborhood, X is locally compaet 
But it is neither countably compact, since the sets Si= UU,= 


a 7 7 = 
{zz < n} form an open covering of X with no finite subeaver 


hor strongly locally compact, since every is infini 
closed set 
therefore not compact, ; : Penta 


6. Since X is countable and all basi ini 
is elements are finite, it is 
countable and thus separable and Lindeléf. ies 
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8. Each basis neighborhoud U, 
topology (since every closed 
X is locally path connected. 


» is ultraconnected in the induced 
set in U,, contains the point 7n), so 


58. Evenly Spaced Integer Topology 


Let X be the set of integers with the to 
form a+ kZ = fat RAIA E 4} 
ak © X. The basis sets are si 
integers, 


pology generated by scts of the 
h where Z is the set of integers, and 
imply the cosets of subgroups of the 


1. X is Hausdorff, for if a,b © X and kd ivi 
; Ly ' does not divide b — 
a+ kZ and b+ kZ are disjoint cosets. - oe 


2. . ‘ , : 
Every basis element is closed since a given coset of a subgroup is 
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the complement of the union of the remaining cosets of that sub- 
group. Thus X is zero dimensional and regular. 


3. X is totally separated, since it is Hausdorff and zero dimensional. 
If S is the set of odd integers, the sets 2"S, n = 0, 1,2,..., are 
disjoint, for if a2" = 62", then a2*-= = b which implies either 


m =n or one of a and b is even. The sets A = U 2°98 and 


n=0 


B= U 208 are then open, disjoint, and contain all the in- 
n=O 


tegers except 0. If k € A then 2k € B and vice versa, thus 0 is 
a limit point of both A and B so X is not extremally disconnected. 


4. X is clearly second countable and thus, since it is regular, it is 
metrizable which in turn implies that X satisfies all the separation 
axioms and is paracompact. Since points are closed and not open, 
and since X is countable, X is first category, and thus not 
complete. 


5. The set of primes is an infinite set without a limit point so X is 
not countably compact and thus not compact. However, since X 
is countable and second countable, it is e-compact and Lindelof. 


6. The function a + kd — d defines a homeomorphism between any 
basis element and the entire space. But since X is Hausdorff and 
cach basis element is closed, this implies that no neighborhood of 
any point is compact. For being compact it would be closed and 
thus contain the closure of a basis element which would then be 
compact even though it is homeomorphie to X which is not com- 
pact. Thus X is not locally compact. 


59. The p-adic Topology on Z 


Let X = Z be the set of integers, and let p be a fixed prime. We define a 
topology 7 on X by taking as a basis all sets of the form U.{n) = 
{n + dApa|d € Z}. 


1. The topology 7 is generated by the metric d(n,m) = 2-* where k 
is the largest power of p which divides [n — m|; if n = m, 
d(n,m) = 0. The equivalence of these topologies follows from the 
relation B,(2-*) = Uasi(n). 


2. Since U.(n) = {mlp* divides |m — n|} = {mld(m,n) < 2-4}, 
each basis set U.(n) is closed. Thus X is zero dimensional. Since 
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no point is open, ¥ has no isolated points; thus X is dense-in. 
itself, and therefore not scattered. 


Each point is closed and not open, thus nowhere dense in X 3 thus | 


since X is countable it is of the first category, hence it can be 
neither topologically complete, nor locally compact. 


60. Relatively Prime Integer Topology 


61. Prime Integer Topology 


On the set X = Z+ of positive integers we Senerate a topology z from the 
basis @ = {U,(b)|a,b € X, (ab) = 1) where U,(b) = {b +naexX 
jn © Z} and a subtopology o from the subbasis @ = {U,(b)|p is 
prime}. The topology + will be called the relatively prime integer topol- 
ogy, and o simply the prime integer topology, 


1, 


That @ is a basis for a topology follows direct! ly from the observa- 


tion that the intersection of any two of the arithmetic progres- 


sions in @ is itself an arithmetic progression of the same type, or 
empty. In fact, if g € U.(b) (\ U.(d), then U,(b) AV Ud) = 
Uta.e\(g) where [a,c] is the least common multiple of @ and ¢. 
Clearly, g + nfa,c] © U.(b) A U.(d) for all appropriate n. Con- 
versely if x=) tnas=dt n'e, then since q=b+naa 
d+ m'c we havex — q = (n— na = (n’ — no’ Je su fa,e]|a — q 
and thus x = kfa,c] + q for some k, sor € Uia.a(q). So ® ig 
indeed a basis. 


U.(b) CV U.d) # & iff ba=a mod(a,c) for if 6 — ¢ = r(a,c) 
then there exists integers s and { such that r(a,c) = r(as + cl) = 
b~d,sod+ e(ir) = b+ a(—rs). Thus for sufficiently large n, 
d + clr + aen € U.(b) CO U.{a). Conversely if for some No and 
mo’ we have b+ nod = d+ no'c, then b — d= Ne — now = 
(a,c), for some k,sob=d mod (a,c). 


In (X,o), for p  q, U,(b) always intersects U,(d) since (p,q) = 1. 
So the collection @’ = {U.(e) € Blais square-free} forms a basis 
for (X,e) (where an integer is called square-free if it hus no re- 
peated prime factors). 

If a,b © X, and if p is a prime greater than a+ b, then b # 
@ mod p so U,(a) A U,(b) = &. "Thus (X,¢) (and therefore also 
(X,7)) is Ta, Ty, and Ty. . 


(X,7) is not Ty since the closure of any epen neighborhood 


9. 


10. 
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U,(b) contains all multiples of a, and thus the closures of any 
two open neighborhoods U,(b), U.(d) contain in common all 
multiples of [a,c]. To see this we observe for any k that if (tka) 
= 1 then (,a) = 1, s0 Ur(ka) O U.(b) ¥ & for ka =b mod (t,a). 
A similar argument may be applied to (X,c) with similar results, 
so neither space can be regular or Urysohn. 


Since both spaces are Hausdorff but not regular, they are neither 
locally compact, paracompact, or compact. Since @ is countable, 
(X,r) (and therefore also (X,c)) is second countable, thus first 
countable and Lindeldf. Since in second countable spaces com- 
pactness is equivalent to countable compactness, neither space 
can be countably compact. 


Since in both spaces the closures of any two disjoint open sets 
intersect, every real-valued continuous function on (X,r) or 
(X,c) is constant. Thus buth spaces are pseudocompact and 
connected. 


Suppose N is an open r-neighborhood of 1 contained in U2(1); 
let 1 + 2n € N for some n > 0. Then U = Uen(1) is an open 
subset of U2(1) whose relative complement V is open and contains 
1+ 2n (since V = Us(1) — Unu(l) = U5! Une(l + 21). 
Thus UCN and VIVN separate N, so U2(1) cannot contain 
any open connected neighborhood of 1. Thus (X,r) is not locally 
connected. 


Suppose U,(b) is a basis element of (X,¢) with the induced 
topology. If A and B are open sets in (X,c) which separate 
U.(b), then each contains some induced basis neighborhood: as- 
sume N = U,,.(t) C AL) U.(b) and M = Uses) C BA U,(b), 
where (a,c) = (a,¢) = 1. Then some multiple r of cd belongs to 
U,(b) since (aed) = 1, and we may assume that r € A. But 
then there is an induced basis neighborhood Uge(r) C AA U.(b) 
where (e,cd) = 1; thus (ed) = 1. But U.(r) A U.als) ¥ SZ, 
since r= b+ va=b 4+ ya = smod (ae,ad) for (ed) = 1 im- 
plies (ae,ad) = a; s0 ATVB # @, a contradiction. Thus there 
can be no separation of U,(b), which means that (X,¢) is locally 
connected since each of its basis neighborhoods is connected. 


Returning to the space (X,r), we see that if p is a prime U,.(b) 
is just U,.(b) together with all nonzero multiples of p. To see 
this write b as kp + 8 where 0 < 8B <p: since (p*,b) = 1. Let 
« = mp + ¥ be any integer where0 < y < p. Consider U(r) A 


Sd Counterexamples 


12. Since U,(b) = 1) Up,,(b) where a = 
i=l] 


U»(b) where (4z) = 1. This intersection is nonempty iff mp +4 
=kp+ Bp mod (p"). y= Oiffzisa multiple of p and in this 
case (t,z) = 1 implies (i,p") = 1 so the intersection is nonempty 


for all ¢ such that (2) = 1, thusz € w(b). If y 0 then take 


=p: (prmp + y) = 1 but (pp) = ps0 U I 
: fi ; BP" 80 Uyn(t) CV U pa(b 
SS iff z=b mod p*. This holds iff x € U,,{(b) a ee 


ll. Tipisa prime, U,,(b) is regular open in (X,7) except for U2(b), 


where U2(b) = X. For if kp & U,,(0), then (t,kp) 
op") = 1. Thus U,(kp) A Up(a) ¥ B for all a where (a,p") = 
1; in other words, U.(kp) must contain (for each appropriate i) 
some element of every Upn(a) for a kp. But U p(b) may con- 
tain elements from at most two such sets: U,.(b) itself, plus all 
multiples of p. Thus if there are more than two éonerience 


classes (that is, if p” # 2), then Uk ined i 
; 7 p) cannot b t 
U,.(b) for any ¢. Thus U,,(b)? = Uns(b). eee 


= 1 implies 


” 
a p.™, the regular open 
jm 

sets generate the basis @. except for sets U.(b) where a = 2k 
(k,2) = 1—these being the integers that use pt = 2 i : 


Unb) = Uu(b)U Valb + 2k 
a subbasis, and therefore also 
by ®, so (Xr) is semiregular. 


62. Double Pointed Reals 


Let X be the Cartesian product of 


the real line with the usual topology 


and {0,1} with the indiscrete topology. 


Ww 


In X, the intersection of two compact sets need not be compact. 
Let A = {{a,b] x 0} U {(a,b) x1}, B= {(a,b) X 0} U fia b 
X 1}. Since every open set containing (4,0) contains {a,1) both 
A and B are compact. But A (\ B = (a,b) X (0,1) which is not 
compact since (a,b) is not compact. 


Clearly X is not" oe, Ti, or Te; but it is Ts, Ty, and 1. 


Since (4,0) is a limit point of every 
weakly countably compact. But clea 
compact nor pseudocompact, 


set containing (a,1), X is 
rly it is neither countably 


X is are connected, for if f is the ich joi 
» for are which joins the points 
z,y © R, then the function 9: [0,1] + X defined by 9 = (1) 


oe 
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for 0 <¢ <1, g(1) = (J(1),0) is an are joining the points (x,1) 
and (y,0). Then clearly every two points of X can be joined by an 
are. 


X is paracompact since {0,1} is compact and the real line is para- 
compact. X is not fully normal since it is not T,,*but since the 
real line is fully normal X is fully Ty. 


63. Countable Complement Extension Topology 


If X is the real line, and if 7; is the Euclidean topology on X and 1, is 
the topology of countable complements on X, we define z to be the small- 
est topology generated by 71 U 72. 


1. 


on 


“I 


A set O is open ins iff 0 = U — A where U € 7, and A is count- 
able. So a set C is closed in z iff C = K U B where K is closed in 
7, and B is countable. 


If 0 = U — Ais open inr, the closure in of O is the closure of U 
in n, for if K U B contains O (where B is countable, K is closed 
in 7) then K > O. So the smallest closed (in r) set which contains 
O must be closed in 7; thus it must be O. 


So the only sets in z which are regular open are those which were 
regular open in 7, since ifO = U — A is the interior of its closure 
U, O must be U, and U must equal J. 


The regular open sets in 7, do not form a basis for this topology, 
for the set of irrationals is open in 7, yet is not the union of regular 
open sets. Thus X is not semiregular. 


As an expansion of the Euclidean topology, this space is To, Ti, 
Te, Ts, and Urysohn. 


Since X is T, but not semiregular, it cannot be Ts, T,, or T;. This 
may also be proved directly by observing that X — Q, the open set 
of irrationals, does not contain the closure of any of its open sub- 
sets, since such a closure must be identical to the usual Euclidean 
closure. Thus X ~ Q cannot contain a closed neighborhood around 
each of its points. . 

A subset of X is compaet iff it is finite, so X is neither compact 
nor g-compact. But it is Lindeléf, for if {U. — Aa} is an open 
cover of X (U,. © 1, Aq countable) then U, covers X and has a 
countable subcover {U,}. Then {U; — A,} covers all but count- 


6 Counterexamples 


ably many points of X. , 8o all of X can be eovered by some count- 
able subcollection of {U, — A,}. 


X is not first countable, for if {0,},° = {U;— Aji? were a 
countable collection of open neighborhoods of x and if pd U A, 
fst 


then R — {p} is a neighborhood of x which does not contain any 
O;. Since every countable set is closed, X is not separable either. 


X is connected for if X = O: U O2, where O; and O: are disjoint, 
nonempty and open, then they are also closed, so they must be 
closed in 71, which is impossible since (X,7) is connected. But since 
the continuous image in X of the Euclidean unit interval (0,1) is 
compact, it must be finite and therefore just a singleton. Thus X 
is totally pathwise disconnected, for no two points of X may be 
connected by a path. 


64. Smirnov’s Deleted Sequence Topology 


Let X be the set of real numbers and let A = {I/n|n = 1, 2, 3)... 
Define a topology r on X by letting O € 7 if O = U — B, where B CA 
and U is an open set in the Euclidean topology on PR. The topology r is 
sometimes called the Smirnov topology on Y, 


w 


Choosing B = © CA, itis clear that this topology r is finer than 
the usual topology on YX. Therefore, XY is Urysohn, as well as 
Ty, T2, T, and To. 


X is not, however, a T; space, since every open set containing the 
closed set A intersects every open set which contains the point 


0 ¢ A. Of course X also fails then to be Ty, Ty, or Ts. 


X is clearly not conipact (since the closed subset .A is not compact), 
but it is e-compact since the intervals t+ 1] for ix 0, and 
(1/( + 1),1/2] cover X. Since 0 does not have a compact neigh- 
borhood, NX is not locally compact. 


x is not countably paracompact, since the countable open cover- 
ing by the sets 0, = Y — (A ~ {2/n}) has no open locally finite 
refinement, since in every refinement every open sot covering 0 
must intersect infinitely many other sets of the refinement. One 
should note that an open set ubout 0 contains all of an open inter- 
val about 0 except the points 1/n, 


X is, however, metacompact. Suppose Y is covered by open sets 
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O. = Uz — B, (where B, C A). Then {U.} forms an open cover- 
ing of the Euclidean space R, and thus has an open point finite 
refinement {Vg}. Then the collection {Vs — A} is a refinement 
of Ug, but it covers only X — A. But each point of A is contained 
in some Q,, so we can cover each point 1/n by some centered open 
interval J, of length less than 1 /2n(n + 1) which is contained in 
an O,. These intervals will be disjoint, so the refinement of 0. 
consisting of {Vg — A} U {I,} covers X and is clearly point 
finite. Thus X is metacompact. 


65. Rational Sequence Topology 


Let X be the set of real numbers and for each irrational x we choose a 
sequence {2;} of rationals converging to it in the Euclidean topology. 
The rational sequence topology + is then defined by declaring each ra- 
tional open, and selecting the sets U(x) = {ai}. U {a} as a basis for 
the irrational point 2. 


1. 


Since every Euclidean open interval contains a z-neighborhood of 
each of its points, (X,r) is an expansion of the Euclidean topology 
and is thus To, T,, and 'T;. F urthermore, each rational point and 
each basis set U,,(x) must be closed, so (Xr) is zero dimensional, 
and thus regular. 


Any subset of X which contains a rational cannot be dense-in- 
itself, and any set containing an irrational could be dense-in- 
itself only if it contained some rational. Sv only the empty set is 
dense-in-itself, and thus X is scattered. But X is not extremally 
disconnected, for if {x} is the rational sequence associated with 
the irrational point 2, then {ae,} and {x2:41} are disjoint open sets 
whose closures each contain x. 


X — Qis an uncountable diserete subspace, so X is not Lindeléf, 
and thus not second countable, though clearly it is first countable. 
Since Q is dense, X is separable. Clearly then, X is not metrizable. 


Nis not countably compact since the set of integers has no limit 
point and thus no accumulation point. Since each basis neighbor- 
hood is compact and X is ‘ta, X is strongly locally compact. Since 
X contains open points it is second category. Further, a compact 
set can contain only finitely many irrationals, for the irrationals 
in a compact set form a closed, and thus compact, discrete subset. 
Thus X is not s-compact. 


ce SM OUNTEFCXaM pics 


66. Indiscrete Rational Extension of R 
67. Indiscrete Irrational Extension of R 
68. Pointed Rational Extension of R 


69. Pointed Irrational Extension of R 


If X is the set of real numbers with the Euclidean topology 7, and if D 
is a dense subset of X with a dense complement, we define - ha indis- 
crete extension of 7, to be the topology generated from + by the additio 
of all sets of the form D {\ U where U € 7, and 7’, the pointed ett si : 
a R, to be the topology generated by all sets ft} UDA U) ‘then: 
Rae UEr. In each case, we will be particularly interested in D = Q 
e set of rationals, or D = X — Q, the set of irrationals. 


1. ris clearly 4n expansion of ¢ since if 2 € U € 7, the set {x} U 
(D \ U) 1s contained in U and open relative to 7’. Since D 
itself 1s open (D = {x} U (DA X)ifxe D), 1’ is also an ex- 
pansion of r*, which is clearly an expansion of t.Thusr C7" C Z 


2. ful ¥ ‘ : 
The set D is still dense in 7’ since every neighborhood of every 


Point of X ~— D rontai i T i 
a must contain a point of D. Therefore D is dense 


closure; specifically, O is 
ry r-neighborhood U of a 


4, Every connected subset of (X,7’) is clearly 
since 7 C7’. The converse is also true. Sin 
subset of (X,7) is an interval, its r’ interior 
Thus it suffices to show that no 7 open interval S can be 7! 
disconnected. For if such an interval S were disconnected in 7’ 
there would be two disjoint nonempty sets V, Af € 7’ such that 
S=NUM. Then the 7’ closure of N is r closed, so M = 


connected in (X,7) 
ce every connected 
equals its + interior, 


6. 
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(X —N)OSisr open; similarly, N ist open, which is impos- 
sible since S is + connected. 


Since both 7* and 7’ are expansions of 7, these spaces are To, Ti, 
T, Ts, and Urysohn. But in each case if O is an open set con- 
taining X — D, then O equals X, the r-closure of the dense set 
X — D.§o no point of D can be separated—in either topology— 
from X — D by means of open’ sets. Thus neither topology is 
Ts, Ts, or Ts. 


No subset of (X,7°) which contains a nondegenerate interval can 
be compact, for any such set. S must contain a closed interval 
{p,q] where p,g © D. Then the sets (—©,p), (q,0), D, and 
{(@@|z > p, x © X — D} form an open covering of S with no 
finite subcovering. Clearly then no subset of (X,7') which con- 
tains an interval can be compact. 


We can prove much more: in both spaces, a set which contains an 
open sct cannot be compact. For if the compact set C contains an 
open set O, it must contain the closure of O, since C is closed. 
But O must contain an interval so C cannot be compact. 


Suppose f: [0,1] > (X,7*) is continuous; then J((0,1]) is both 
compact and connected. But the connected sets of (X,r*) are 
precisely those of (X,r), namely intervals, and the only intervals 
which can be compact are the degenerate ones consisting of one 
point. So f is constant, and hence (X,7*) (and therefore also 
(X,7’)) is totally pathwise disconnected. Yet both spaces are 
connected, since (X,r) is. No nontrivial subset of D is connected 
in (X,r) since X — D is dense in (X,7); thus clearly neither 
(X,7*) nor (X,r’) can be locally connected. 


If p,q © Q, the sets of the form (p,g) and (p,q) A D comprise a 
countable base for r*; thus (X,r°) is always second countable, and 
therefore first countable, Lindeléf and separable. But (X,r') is 
second countable iff X — D is countable (as when D = X — Q), 
for then sets of the form (a,b) (\ D and {xz} U ({a,b) AD) 
where a,b,v © X — D comprise a countable basis for r’. On the 
other hand, if X — D is uncountable (as when D = Q), (X,7’) 
is not even Lindeléf, for the open covering of X by sets of the 
form {x} UD, x €.X — D, has no countable subcover. So in 
this case (X,r’) is not second countable. But it is first countable 
since the sets {2} U ((a,b) MD) for a,b € Q form a countable 
local base at x. 


A 


ounterexam ples 


10. If A is compact in (X,r’), it must be compact in (X,7), since the 
identity function from (Xr) to (X,7) is continuous. But the 
only compact sets in (X,r) which do not contain a nondegenerate 
interval are nowhere dense in (X,r). So every compact subset 
of (X,r’), and thus every compact subset of (X,7"), is nowhere 
dense in (X, iT). Since (Xr) is of second category, this Means that 
neither (X,r*) nor (X,7’) can be o-compact. 


70. Discrete Rational Extension of R 


71. Discrete Irrational Extension of R 


TEN is the set of real numbers, and if Dis a dense subset of the Muclidean 


space (X,r) with a dense complement, we define 7°, th 


¢ discrete extension 


of r to be the topology generated from + by adding each point of D as 


an open set. Then any subset of D will be open in 7". 


exa 


As in the previous 
mples, we will be particularly interested in the cases where D=@Q 


rD=X-@Q, 


1. 


to 


Since (X,7") is an expansion of the Euclidean topology, it is To, 
Ti, Ts, and Urysohn. 


No point of D is ever the limit point of a set lin (X,r*), while 
a point of X ~ Disa limit point of A iff it is a7-limit point of A, 
Thus if A and B are separated subset of (X,7"), then A — (AMD) 
and B~ (BN) D) are separated subsets of (X,7) and are there- 
fore contained in disjoint open sets NM Er. Then since every 
subset of D is open, NU (A 1) D) and MU (BM D) are disjoint 
neighborhoods of A and B in (X,7"), Thus (X7") is 


Ts, hence 
regular, nornial, and completely normal. 


If D is countable (for instance, if D = Q) (X,7°) is second count- 
able since 7 has a countable basis. Thus since X is regular, it is 
. Metrizable. We can actually exhibit a metric by first enumerating 
D as {r}2,, and then defining a(a,y) = sup {like <r; <y} 
whenever x < ¥, and letting d(z,y) = Oif x = y. Then d(r,,x) > 
1/k whenever a ~ %, 80 BY(r,) = tre} whenever ¢ <1/k; thus in 
the metric topology, exch point of D is open, Now if « < ¥<az, 
we have d(z,y) S d(x,z), 30 each metric ball B, 
possibly degenerate. Clearly then, every metric ball is contained 
in some basis element. of (N,7"), and every basis element of 
(X,r") is some set Bz). Thus (X,d) generates the topology r*. 


(a) is an interval, 


In general, (X,r") is not locally compact, for every neighborhood 


an 
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N of a point p © X — D contains an infinite sequence without 
a limit point: simply select a point r € N O D and aes 
{r+ 1/n},.,. For the same reason, (X,r°) is not countably 


compact. 


If D is uncountable (for example, D = X — Q), (X Ag es ie 
separable, for any dense subset would have to aera ] 
more, if X — D is countable, we can cover eac point te 
X — D with an open interval J; of length 2-#, thus leaving ne 
countably many points of D uncovered. The open daa tee 
consisting of the intervals J; together with each i l . ae 
no countable subcover. So in this case (X,r*) is not Lindeléf. 
clearly it is first. countable. 


Since every subspace of (X,r) is prone is at bal i 
i i i f (X,r"), then the colle 

For if U is an open covering o! T’), ¢ : 

t-interiors of sets in U covers some subset of X. Thus it a : 

locally finite refinement U* which covers all of X except Ls aa 

certain points of D. But these single points may be ad : 

U* to produce a locally finite refinement of U which covers a) 


of X. 


72. Rational Extension in the Plane 


yr) ii i re define a topology r* for X by declaring 
If (X,r) is the Euclidean plane, we “ 
ee ok point in the set D = {(a,y)|z © Q, y © Q}, and each set of the 
form {x} U (DOU) where z € U Er. 


1. 


q *) is ‘ i f (X,r), since every open set in r 
‘learly (X,7*) is an expansion of (X, » i in 
ee neighborhood of each of its points. Thus (X,r") is 
To, Ti, T2, Ty, and Urysohn. 


‘,7°) is not Ts, for if p ¢ D, then A = (xX — D) — {p} isa 
es set since {p} U D is open. Yet every eerie As 
(DY U) of p intersects every neighborhood of oe aes be 
contain a point q © X — D, and each neighborh . of q¢ 
sects (D OV U). Thus (X,7") fails to be T, or Ts either. 


3 r —Dh 
The open covering of X by sets {2} U ania . eee SH 
; *) is neither Lindel 
no countable subcover, so (X,7°) is ne 
countable. But it is separable since D is countable and dense. 


is di : in-i + must be contained 
inc is discrete, any dense-in-itself subse 1 
a D; but every point p © X — D has a neighborhood con- 


aoe in t p} UD, 80 no nohempty subset can be dense-in-itself 

hus (X,r*) is Stattered and, since it is T, totally disconnected, 

3. But it is not totally Separated, for if 7 is iri 
2 (1), a2 = i 
For if X = 4 UBisa Separation of X with “NEA, HE B 


of A, and so is in A, which is impossible since y’ > Yo. Similarly 
(7,40) cannot belong to B. So there can be no such separation, 
and X ig therefore hot totally Separated, 


73. Telophase Topology 


Let (Xr) be the topological Space formed pb: 
closed unit interval [0,1] another right end poi 
~@DU {1*} asa local neighborhood basis, 


1. (X,7) is homeomorphie to the quotient space [~LuysR where 


the equivalence classes ; 
ei classes in RP are {~1}, {1}, and {2,—2} for all 


and I* have neighborhuods which 


3. ome et and (0,1) U {1"} are homeomorphic as subspaces, and 
'e subspace topology on 10,1} is Euclidean, X is the Union of two 
compact subspaces and thus compact. By thes 


are connected. 
4. 10,1) and 10,1) U fas 
Intersection, 


Plane together with an addition, 
OLN eighborhoods of points 7 
the origin 0 and the point 0* are the usual 


a basis of nei h- 
borhoods of 0 and 0", we take V.(0) = 


Hong) yt I/n, y > 0} U {0} and 
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1. X is clearly Tlausdorff, though not Toy since 0 and 0° do not have 
disjoint closed neighborhoods: any two neighborhoods of 0 and 0° 
contain a segment of the z axis in the intersection of their closures. 


2. X is neither compact, paracompact, nor locally compact for if it 
were it would be T; and thus Tx. But X is clearly second 
countable. 


3. X is arc connected since either 0 or 0° may be connected by an 
arc to any other point of X in the usual manner, except that an 
arc starting at 0 must be contained in the upper half-plane for a 
short distance, while one starting at 0° must begin in the lower 
half-plane. 


75. Irrational Slope Topology 


Let X = {(z,y)|y > 0, x,y © Q} and a) 

fix some irrational number 6. The ae 
irrational slope topology + on X is / \ 
generated by e-neighborhoods of the / Ne 


form NA(z,y)) = {(@y)} U Bia + { 4 gs } 
y/@) Bax — y/@) where Bg) = 

{ré Q| Ir-tl<,Q being the rationals on the x axis. Each N((z,y)) 
consists of {(z,y)} plus two intervals on the rational x axis centered at 


the two irrational points x + y/6; the lines Joining these points to (x,y) 
have slope +6. 


1. (X,r) is Hausdorff since 9 is irrational, for no two points in X can 
lie on a line with slope 6, and if one point of X lies on a line with 
slope 6, no other point of X can lie on the line of slope —@ which 
intersects the original line at its intersection with the x axis. Thus 
any two distinct points in XY must project (along lines with slope 
+8) onto distinct pairs of irrational points on the x axis, which 
have disjoint neighborhoods. 


2. The closure of each basis neighborhood N.((2,y)) contains the 
union of the four strips of slope +6 emanating from B,(z + y/0) 
and B.(x — y/6), since every point in cach such ray projects to an 
irrational on the x axis which lies within ¢ of either x + y/@ or 


~ \ \ \ ie 7 7 vA 
x \ \ \ / 7A 7 7 
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\ XK NAR e 
Xe x xX Sf 
S\N 7 


76. 


77, 


{1 Counterexumples 


«x — y/6. So, as a consequence, the closures of every 
sets must Intersect. Thus (X,r) fails to be Ty, 
1s neither T;, Ty, T., nor Ts. / 


two open 
and consequently 


3. Since the closure of each basis neighborhood cont: 
borhoods around each point in the diamond shap 
by the intersection of strips, every regul 
some such diamond. Thus the regular 
basis for the topology, 


ins open neigh. 


aur open set must contain 
! open sets cannot form a 
, 80 (X,r) is not semiregular. 


4. Since the closure of any two open sets must have a nonempty 
Aerio (Xr) is connected. So it is a countable connected 
Tausdorif space, But it cannot be path connected since if 
J peer 8 continuous, X is countable, so -(p) |p € Xx} 
18 & countable collection of disjoint closed s i 
v « ets which $ 
This, however, is impossible. Cece 


6, pee X is countable and since each point of XY has a countable 
ocal basis, (X,r) is second countable and therefore has a o-locally 


finite base. But it is not Ts, so it is not metrizable, 


“I 


x is not even weakly countably compact since the sequence of 
integers on the x axis has no limit point. 


Deleted Diameter Topology 


Deleted Radius Topology 


een yaaa Rite we define the deleted diameter topology 
3 Ng as a subbasis for a topology o all i i 
the horizontal diameters oth SRT eT eel 
is her than the center excluded. By deleti 
; : r » EXC » By deleting 
ae the horizontal radius to the right of the center we describe hae 
dasls for a topology 7 which we call the deleted radius topology. 


!. Sinee both « and + are expansions of the Ruclides 


(ean an topology both 
tee (X,r) are Hausdorff, completely Tausdorff, and 


2. Since no deleted (radius or diameter 


; ) disc contains the clos: 
any neighborhood of its center neith ana 


er (Xo) nor (Xyr) is regular 
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nor semiregular. Thus neither space is locally compact. In fact, 
since no set with a nonempty interior is compact neither (X,c) 
nor (X,r) are o-compact since the Baire category theorem for R? 
shows that R? cannot be a countable union of compact (which 
implies nowhere dense) sets. 


Both (X,o) and (X,r) are connected since the closure of any open 
set in either case is its usual Euclidean closure, and thus any 
open and closed set must be open and closed in the Euclidean 
topology and thus is @ or X. 


Neither (X,¢) nor (X,r) is countably compact since both are ex- 
pansions of the Euclidean topology which is not countably com- 
pact. Clearly neither space is sequentially compact. 


That (X,¢) is neither Lindeléf nor metacompact may be shown by 
considering the cover consisting of the basis neighborhood at (0,0) 
of radius 1, the complement of the closed dise of radius 7/8 about 
(0,0), together with one basis neighborhood for each point not yet 
covered on the horizontal diameter. Since this cover has no sub- 
cover and is uncountable (X,0) is not Lindeldf. If % is a fixed 
refinement of this cover and « € [—7/8, 7/8], let 8, be the radius 
of a dise about (2,0) contained in some element of U. By the Baire 
category theorem for some « > 0 the set of x € J such that 
4, > ¢ is not nowhere dense, so its closure contains some closed 
interval 7’. Then the point (z,y) where a € I', y < ¢ is contained 
in infinitely many open sets of the refinement. 


Similarly, (X,c) is not countably paracompact: to show this we 
construct a cover by taking the basis neighborhood of radius | 
about (0,0) together with the complement of the closed disc of 
radius 7/8 about the origin as before. Now partition the remaining 
portion of the horizontal axis (ineluding (0,0)) into a countable 
number of disjoint dense subsets (as in the usual construction of 
a nonmeasurable subset of 2!) and take for each of the remaining 
sets of the cover a union of basis neighborhoods of the elements of 
one class, where (0,0) is deleted from the class that contains it. 
Any neighborhood of the origin must intersect infinitely many 
members of any refinement of this cover, at least one for each of 
the countably many dense subsets. 


We can also show that (X,7) is not countably paracompact by 
choosing the same first two open sets as before, thus leaving just 
one interval to be covered. Consider the points (1/n,0) which are 


MAECENAS 


in this interval and include the point 
of radius 1/(n(u + 1) with center at (1/n,0). Th 
ment the open set containing (0,0) intersects th - 
taining infinitely many of the points (1/n,0) bie 


78. Half-Disc Topology 


If P = {(xy)Iny © R i 

ee . 5 » ¥ > O} is the open u h 

eae topology +, and if L is the real nitis, we ms 

as = PUL by adding to 7 all sets of th 
erex © L, and U isa Euclidean neighborho 


1. 
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cr 


lane with the 
we generate a topology 
e form {x} U (POU) 
- ’ od of x in the plane. 
née open dises form a convenient basis dueli 

ogy in the plane, we often think of Fotatiag bee as 
erated by a basis Consisting of two oa) eae 
types of neighborhoods: jf z € P, 


a basis element containing x is an a * 
open dise contained in P, whereas EER D8 ee \ 
the basis sets around a point yEL cs 


¥.); ; : . 

ba tel are - (X,r) sinee every set in r contains a r 
each of its points. Thus (Y 24 i. 

an Use points. Thus (X,7 dis Ty, 1,7, Ty, 


The closure of each half-di i 
re of ~dise neighborhood of y € 
zEeL which lie on the diameter of the dise Aor 


The interior of the closure of a half-dise b 
point p € L contains the diameter of the di i: 
X is not Semiregular. 


The subspace LZ is di 
screte and uncountable, so X,r*) is nei 
separable nor second countable. Neither is it Tae highs 
yi ; e 


covering by basis neighborhoud ; 
elite fra pao has no countable subcover. But 


The Covering of (X, x7") by basis elements, 


has no point finite refinement. For consid: ee 


er any refinement of this 
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cover and let S, denote the set of points y © L for which the ele- 
ment of the refinement containing y contains a basis element of 
radius greater than 1/n. By the Baire category theorem for some n, 
§, has a nonempty interior. Let J be an open interval contained 
in §,, and let x € I. Then if 0 < y < 1/n the point (z,y) is con- 
tained in infinitely many elements of the refinement. Thus (X, yt’) 


is not metacompact. 


However X is countably metacompact. For let {A,j = {Vj} U 
{Ux} be a countable cover where each V; C P, and each U, inter- 
sects L; let Ss = U, OL. The sets U, — S, together with the V; 
form a Euclidean open cover of the upper half-plane which may be 
refined to a point finite cover {Wa}. Now let 7; = S — US; 


it 


so that the 7, are disjoint although 7; = L. Define U;! = 
j=l 
Us.’ U Dix where D,x is o basis neighborhood of s with radius 
aGT; 


1/k. Since U;,’ does not extend more than 1/k above L no point 
may be in more than finitely many Ui’. So {Wa} U {U:'} covers 
X and is point finite. 

If {7',} is a countable exhaustive collection of disjoint dense sub- 
sets of L, and if U; is a neighborhood of T;, then the countable 
cover {U;} U {P} has no locally finite refinement. Thus X is not 
countably paracompact. 


79. Irregular Lattice Topology 


Let X be the subset: of the integral lattice points of the plane consisting 
of all (7,k) where 2,k > 0, together with the points (2,0) for 7 > 0. The 
lattice topology on X is determined by its basis elements: each point of 
the form (i,k) is itself open, each point of the form (2,0) i 0, has as a 
local basis sets of the form U,((,0)) = {(i,k)|k = 0 or k > n}, while 


the 
(0,0 


1. 


sets V, = {(i,k)|i = k = 0 or i,k > n} form a basis for the point 
). 

Clearly each open set {(i,k)} is closed, as is each basis element 
U,(@,0)). But the closure of V, includes the points (k,0) where 
k > a, since every neighborhood of these points intersects V,. 
(Note that each V, is open, though {¥,} does not form a local 
basis for the point (0,0).) 

X is a completely Hausdorff space, since it may be shown that to 
each pair of points z,y © X, there correspond open neighborhoods 
O, and O, with disjoint closures. Since all basis elements except 
those around (0,0) are closed, the construction of O, and 0, is 


{s  Counterexaumples 


trivial unless one point, say a, is (0,0). But in that case, if y = 
(2,4), we need only take O, to be V, where n > k. Then O, will 
be disjoint from some (closed) basis element of y. 


3. X is not regular, though, since for each n > 0, the point (0,0) 
and the set X — V, do not have disjoint open neighborhoods, 


Thus X also fails to be completely regular, normal, and completely 
+ normal. 


4. None of the sets V, can contain a regular open neighborhood of 
(0,0), for the closure of any such neighborhood U must contain 
some point (4,0) which is then an interior point of U. Thus Y, 
cannot contain 09, so X is not semiregular. 


3. Sinee all but one of the points of X have a local basis of sets which 
are both open and closed, at least one point in every pair a,b © X 
has this property; suppose it is @, and suppose N is an open- 
closed neighborhood of a disjoint from b, Then the characteristic 


function of N is a (continuous) Urysohn function for @ and b, so 
X is a Urysohn space. 


6. Since X is countable, and since each point of X has a countable 
local base, X is second countable. F urthermore, it is neither weakly 
countably compact, pseudocompact, nor locally compact. 


sr 


Since each point of X is the intersection of the sets containing it 
which are both open and closed, each of these points is a quasi- 
component of X, so X is totally separated. But it is not zero 
dimensional and not extremally disconnected since U = {U,24) |b 
= 1, 2,3, . . .} is open, yet GV = UU {(1,0)} is not open. 

X is, however, scattered since any subset which was dense-in- 
itself could contain no isolated points, and thus must be a subset 
of S = (@0)|t = 0,1, 2,.. -}. But S is discrete in the subspace 
topology, so it can have no nonempty dense-in-itself subsets. 


80. Arens Square 


X by granting to each pointofSthe ee ——-_L._ 
local basis of relatively open sets 


ia “Hh iS) | 
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ar V2r € Q,0 <r V2 < Jj. | 
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h it inherits from the Euclidean topology on the unit square, and 
1c other points of X the following local bases: 


1,(0,0) = {(0,0)} U {(zy)I0<#<3,0<y< Van}, 
: es = {00} U {ayli<2<1LO0<y< 1/n}, and 
U.G,r V2) = (awit <2 <h ly — 2 V2 < A/a}. 


With this topology X is Ty. This may be seen se ARC 
i i int of S nor (0, Y 

ion of cases noting that neither any point of ! 
(0: a have the same y coordinate as a point of the form 


(Gr V2). 

X is not T; and hence not Ty since given (0,0) © nr 
eidiats no open set Uo» such that (0,0) € Yoo C Von & ‘ Rn see 
since Uo) must include a point whose z coordinate is } thoug! 
such point exists in U,,(0,0) for any 7. 


3. We can show that X is not Urysohn by considering a function 


f:X 21 = {0,1] such that {(0,0) = 0 and j(1,0) = 1. a ae 
tinuous we note that the inverse images of the open an ety soe 
(3,1] of J must be open and hence ae ee ee a va 
ii m and n, respectively. Then if r-V2 < mu shad 
fae -V3) is not in both (0,4) and 3,1], so suppose itis ee 
thea there exists about f(3,r-V aan open ses eee a 
isjoi sc ima F 

u (0,3) are disjoint. But then the inverse im 

aie ui be disjoint closed sets containing open ns EC 
(2,r +/2) and (0,0) respectively. But by the aeeait ve - a 
ee {1/n,1/m}, these closed sets containing (0, 

U,G,r 2) for some k cannot be disjoint. 


4, X is semiregular because the basis neighborhoods are on see 
, sets: a straightforward check of each case reveals tha 


for each basis neighborhood U. 
5. Since X is countable and since each point has : cree ete 
basis, X is second countable. But it is neither weakly y 
compact nor locally compact. . 
The components of X are each single points, and so are the quasi- 


shich i int 
components except for the set { (0,0), (1,0)} which is a beech 
quasicomponent. Thus X is totally disconnected but no 


separated. 


o 


A ‘ wi sei 
7. X is not seattered since each basis set is dense-in itself, nor 
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dimensional, since (0,0) ¢ 
Open and closed sets since ; 
would be limit Points but interi i ties ore ha 
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, by a considerati 
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f ve 


. Clearly X is Semiregular, since the 
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rT compact for it ig T and not T 

4. x is Second countable and Separable since ‘ 
in the Euclidean topology is, thus X ig Lj 
hot T,, it 18 not paracompact and thus 
Since it is Lindelof. 


or 


X ism i 

ee ie Since the open unit Square § is metacompact j 

snore ate ae an addition of a neighborhood for 
: and (1,0 a poi i 

would not destroy its point diese me i 


The identity map from the set ¥ with ¢] 


i : ; 
» the given space X is continuous so _¥ 
‘tre Connected, 


he Euclidean topology 
is both are and locally 
82, Niemytzki’s Tangent Disc Topology 


if p= {(x,y)la,y ER y> 0} is the 

ee Upper half-plane with the Euclid: ‘- 
can topology 7, and if L is th is, =~ 
We generate g erate Pe 


topology +* on X= 
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PU Lby adding to 7 all sets of the form {z} U D, where x © L and D 
is an open dise in P which is tangent to L at the point z. 


li 


(X,7°) is an expansion of the Euclidean subspace topology on X. 
For let U C X be open in the Euclidean subspace topology, and 
let x © U. Then if x € P, there 
is an open neighborhood of x 
contained in U since for such 2, 
the two topologies have the 
same local bases. If x © L, then 
there exists a disc A, centered © 

at 2, and open in the entire 

plane, such that A X C U. 

Clearly then there is a disc 4 

A, CP with radius half that of 

4, which is tangent to L at 2, and which is contained in A, 
and hence in U. Thus (X,r*) is Ta, Te, Ti, and Ty. 


To show that (X,r°) is completely regular, we select a closed set A 
and a point b ¢ A. Ifb € P, then there is a neighborhood U of & 
which is contained in X — A, and is open in both 7° and the 
Euclidean topology. So its complement, X — U, is closed in the 
Euclidean topology, and since that topology is completely regu- 
lar, there is a Urysohn function for X¥ — U and b. But this 
function is continuous relative to r*, and is a Urysohn function 
for AC X — U and b. 

So we consider the case where b € L. There must then exist a 
dise D, tangent to L at b, which does not intersect A; let its 
radius be 8. We define a function f: X -> [0,1] by requiring that 
J() = lifz ¢ DU {b}, f(b) = 0, and at the point (x,y) € D, 
S(x,y) = [(@ — bY + y)/28y. f is continuous, since f-1([0,«)) is 
the open set {b} U D,, where D, is the open dise of radius da 
tangent to L at b and f-((a,1]) is the open set X — D,. Hence f 
is a Urysohn function for A and 6, so (X,r*) is completely regular. 


Since each basis neighborhood of each « CG ZL contains at most 
one point of L, every subset of L is closed. In particular, the 
rationals Q C L and the irrationals [ CL are disjoint closed 
sets which do not have disjoint open neighborhoods, so (X,r*) 
is not normal. For suppose U >) Q and V D J are open sets in 
(X,7*). Then to each point x € V there corresponds a disc 
Dz C V of radius r,, tangent to Latz;letS, = {2 € Ilr. > 1/n}. 
‘Then the collection { S,} together with the points of Q forms a 


“I 


8. 


nowhe se i 
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»9) In which {2 € Lr, > T/no} is dense. Then every neh 


borho i i 
od of every rational in (a,b) must intersect V,s0 U andy | 
| 
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a space Y which is normal yet not com- 


pletely normal since Y contains X as a subspace. To do this we 
merely add a point p to X, with neighborhoods {p} U U where 


U is open in (X,r*), and U contains all but fi 


nitely many points 


of L. Then Y = XU {p} is normal. 


10. If we double the points of X the resultin 
Ty. 
4&3. Metrizable Tangent Disc Topology 


Let 8 be a countable subset of the x axis in the 
to be the subspace of the tangent dise topolog: 


space is only T; and 


plane. We define (X,r) 
Y consisting of PU S, 


where ? is the open upper half-plane. 


1. 


84. Sorgenfrey’s Half-Open Square Topology 


Let S = (R,r) be the real line with the right 
half-open interval topology: the product 

space X = § X S then carries the half-open 
square topology in which a typical neighbor- 

hood of a point (z,y) is a rectangle (or a 
square) including its boundary only below P 
the diagonal with negative slope. If p © X and if e> 0, we 
note the basic hulf-open square of side 
by S(p,e). 


1 


Since S is countable, since the rational lattice 
in X, and since 
able. Thus, since it is a subspace of a regular space 
and thus completely normal and paracompact. 


Let A be a closed disc tang 
of points on the edge of 
set with no limit point. 
countably compact. 


points of P are dense 


X is clearly first countable, (X,7) is second count- 
, X is metrizable 


ent to the x axis at p. Then a sequence 
4 which approach p yields a countable 
So (X,7) is neither locally compact nor 


will de- 
e and lower left corner point p 


X is completely regular since S is completely regular. (In faet, S 


is completely normal.) 

al, X is not even normal. This may 
gory argument used previously to 

show that the tangent dise topology is not normal. The diagonal 

line L = {(z,y)|y = —2} is closed in X and is discrete in the 


induced topology (since LN S(p,e) = {p} whenever p © L), so 
both K = {(a,~a)la ig irrational} and its complement L — K 
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pact. For let {Ua} be a refinement of the countable 


covering (X ~ (7, — K))U ft 
S(p,l ~ KY." 
pont pE LK we can we id 7 aco a 


5) >0 such that 5 i 
; S(p,6 
tained in some U, ee 


Ui i 
« C@N contain at most one of the 


Michael’s Product Topology 105 


disjoint from all S(p,6,) where p © L — K. Thus by applying the 
preceding category argument to the set A with its topologically 
complete interval topology we can guarantee the existence of an 
«> 0 and an interval J] C K such that the Euclidean closure of 
tg © Ke, > ¢} contains I. So if p © (L ~ K) NI, S(p,6,) can- 
not be disjoint from all S(y,e,) for g © K. But this is contrary 
to the definition of S(¢,«,), so {Ua} cannot be locally finite. 


8&8. Michael’s Product Topology 


Ut (Ayr) is the read dine with the Buclidean topology and if D = R 


q, 


we define (X,o) = (iyr') X (D,r') where 7° is the (irrational) discrete 
extension of 7 by the dense set D, and 7’ is the induced Euclidean topol- 


ugy 
1. 


on D. 

(D,r’) is a separable metric space, and (7,7*) is a completely nor- 
mal paracompact space, yet the product space (X,r) is not even 
normal. Consider the disjoint sets A = Q X D = {(z,y)|z €Q, 
y © D} and B = {(z,2)\z € D}. A is closed since Q is closed in 
(R,r*), while B is closed since both (,7*) and (D,r') are Hausdorff. 
But since basic neighborhoods of points of B are vertical intervals 
while neighborhoods of A are rectangles, a category argument 
similar to that used in the tan- 

gent disc topology will show that (D,r) 4 

A and B cannot have disjoint i 

open neighborhoods in (X,¢). : 

Specifically, any neighborhood 3 

N of B must contain, for some oy 

u > 0, intervals of length greater sof 

than » which intersect B in a set om : 

whose Euclidean closure con- ee fer 

tains some interval. Then every meen 

neighborhood of A must inter- (Rit) 

sect NV. 

2. Since Y is not normal, it is clearly not paracompact. But it is 


metacompact for if {U,} is an open covering of X, the Euclidean 
interiors U,° form an open covering of \/U,° which has a Euclid- 
ean (and hence r) open point finite refinement, {O.}. Now the 
complement AK = X — UU,° is metacompact on each vertical 
line, so we can find on each line a point finite refinement consisting 
of open subsets of the line. The union of all these refinements 
together with {O.} is a puint finite refinement of {Us}. 


lM} Counterexamples 


86. Tychonoff Plank 


87. Deleted Tychonoff Plank 


If O is the first uncountable ordinal, and if is the first infinite ordinal, 
then the Tychonoff plank 7 is defined to be (0,0) x {0,w], where both 
ordinal spaces [0,0] and [0,0] are given the interval topology. The sub- 
space Tg = 7’ — {(Q,)} will be called the deleted 'T'ychonoff plank. 


Since ordinal space [0,T] is compact and Hausdorff, so is the 
Tychonoff plank 7. Since every compact [ausdori? space is nor 
ma, 7 is thus normal. (Nole that even though [0,w] and [0,Q] are 
normal, we cannot conclude directly that 7” is normal, since 
normality need not be preserved under products.) 


T fails, however, to be completely normal since the deleted plank 
T. is not normal. For let A = {(Qn)|0 <n < w} and B= 
{(a,w)|0 < a <Q}. Then A and B are subsets of 1. which are 
closed in the subspace topology on 7., since their complements in 
T.. are clearly open. Now suppose U C 7’, is a neighborhood of A. 
For each point (Q,n) € A, there is an ordinal a, <Q such that 
{(a,n)Ja, <a <Q} CU. 

Let @ be an upper bound ©) B 
for the an; & <Q since 2 
has uncountably many 
predecessors, while & has 
only countably many. 
Thus the set (a,0] x 
(0,0) C U. So any neigh- 
borhood of (@ + 1,0) € B 
must intersect U. Thus 
any neighborhood V of B will intersect U, so T,, is not normal. 


(2,0) 


© tee eeeereenenee 


(0,0) (s0) 


That T is not perfectly normal follows from the fact that 7' is not 
completely normal. It also follows directly from the observation 
that the closed sct {(Q,«)} is not the countable intersection of 
open sets. But it is the interseetion of all open sets which contain 
it, so 7’ cannot be first countable or separable. 


1. is not weakly countably compact, since A = {(Q,n)|0 <2 < w} 
is an infinite set with no limit point. But it is pseudocompacet, since 
every continuous real-valued function f on 7',, can be extended to 
a continuous function f on the compact set 7', and therefore both 
f and f are bounded. For we know that on each set L, = 


an 


6. 
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x 3 L, = B = {{e,0)|0 < a < Q} 

10 <a <M} as well as on Ly )10 
: Saar constant, so for cach n © [0,0], there exists ie Fe 
sh that f((a,7)) = n for all a > ya. So the extension of f to 
ar oR gives by f((@,e)) = zy will be continuous since sup 


Yn < 2. 


attered, but not ex- 


: i .e is zero dimensional, sc 
aa apnea ne for exactly the same 


a ‘ 
tremally disconnected ; so too are fT and T., 
reasons. 


If we double the points of the ‘Tychonoff plank the resulting space 


is Ts, Ts, and Ts only. 


88. Alexandroff Plank 


Let (X,r) be the product of [0,0 


logy - 
ty ine to r the sets of the form U(a,n) = 


1. Since (X,r) is regular, the 


2. (Xa) is clearly semiregul 


J and {—1,1], each with the interval 


i ated 
= EX, we let o be the expansion of 7 genera 
cua abs: {p} U (a0 X (,1/n). 


+1 


0 1? 


expansion (X,¢) is Urysohn. But (Xo) 
i t= <Q} is a closed sct not con- 

is not regular since C {(a,0) la o 0 : 

cain - yet every neighborhood of C intersects every neighbor 

hood of p. 

ar since each basis rectangle in 7 1s 


regular open, as is each set U(a,n). 


ya) is f sompact since the set {(Q,-1/n)|n = 2, 

ei ae ‘ ae site Neither is (X,0) aera 

Vv. ‘ is a covering of the ordinal space 10,2) aes pe eas se 

refinement, then the covering {Ua} of X sori ie a 7 ne 
(0,0) X (0,1), Us = 10,9] x [-1,0), and U, = Va , 

no point finite refinement. 


aus Counterexamples 


89. Dieudonné Plank 


Let X be [0,0] x [0,0] — {(Q,w)}, 


inte wasn ore the points of the deleted Tychonof 


generated by declaring open each point of 


r 


(0,0) 
(2,6) 


nee nee the sets U.(8) = {Bvla< yY So} and 
1. red pi sates eee on X is finer than the Tychonoff 

(Xr) is not weakly countably ab ea ee 
ce pel ie creas U.(8) and V.(8), together with each 
dimensional. But the ae vie (Ganee 2 ene vs 


te 


{(a,0)]0 < <Q} cannot h 
each neighborhood N= 


ave disjoint o: 
UlVi.(n)0 < 
sect each basis neighbor ; ne 
ghborhood of each poj 
: Point (y,w) € yher 
SUpa, << y¥ <Q. Therefore, (X,r) is not ena aes 


pen neighborhoods since 
% <o} of A must intor- 


(X,7) is metacompact since 
ment consisting of one b. 
But any such refinemen: 
can be contained in at n 


© any open covering of 
sis neighborhood for eae. 
t is point finite since an 
host three such b, 


X has a refine- 
h point x € yx, 
; arbitrary point 
asic neighborhoods. 
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4. The space (X,7) is not countably paracompact since the open 
covering of X by the sets Up = X — A and U, = Vo(n — 1) for 


n= 1, 2, 3, . . . has no locally finite refinement. For if {W,} 
oo + 
I 
t 
1 , 
| 
U; 
v; 
{! Jn f$a4 
U 


refines {U,,}, we may define for each integer n an ordinal a, to be 
the least ordinal such that V.,(n) is contained in just one W’,. 
Then if a = supa, < &, every neighborhood of (a,w) will intersect 
infinitely many elements of {WV}. 


90. Tychonoff Corkscrew 


Deleted Tychonoff Corkscrew 


For each ordinal a, let A. denote the linearly ordered set (—0, —1, 
—2,...,a,..., 2, 1, 0) with the order topology. Let P be the 
product space Ag X A, (where w is the first infinite ordinal, and Q is 


(0,0) (2,0) (0,0) 
TA de eg 
loin { T ; 
iti 1 | i 
pan 1 | 4y 
houin 1 | 
yo tu (4 Ao 
(Oi) jo LENS SS srr ares ec 
i \(S@) | 
| | ! 
| 
2 
(0-0) (2,-0) em 


the first uncountable ordinal); let P* be the subspace P — {(Q,w)}. 
Then P* may be thought of as « rectangular lattice of points with 
coordinate axes -lg and A.. We then use an infinite stack of copies of P* 
to form a rectangular corkscrew lattice S, spiraling in both directions, by 
slitting each P* immediately below the positive Ay axis and then joining 
the fourth quadrant of one plane to the first quadrant of the one im- 
mediately below it. If {Ao*(2)}f2_.. is the indexed collection of posi- 


No Counterexamples 


tive lg axes, we will call ¢ the | 


i 5 level of Ag, and will consi ad 
tion, the points of S which lic ; crate a 


ie ; above Ag*(é) to be at level greater than j: 
if * such a point, we write L(t) > 7. To complete the fiat ts ie : 
i owe add to S two ideal points at and a i 
points at the top and bottom of the 
horhoods of a! consist of 


i SCrew 
ta~, to be thought of as infinity 
axis of the corkserew; ; 


basis neigh 
of th tsi lh 
all points of XY which lie : 


above (or, for a, 


below) a certain level. The subspace ¥° 
deleted Tychonoff corkserew. 
i} 


= X — {a} will be called the 


Weave quadrant of the rect heme hi 
6 7 ; ! 
TT, the sabset of the Tyehonofi phy Gem 


. : thie: ank formed by deletine 
point (S40). Since Ty is regular, the corkscrew Pia 


angular lattice 2 is 


e S clearly is also. 
Me rn Prove X regular, we thus heed 
he two ideal points a+ and a~, If (4 

: Sa” and a~. If Cis a closed set j 

pe lees w, then XY — (js epen and ne 

: : highs i certain level /. Then the sets 4 

}and V = {x € NIL) > hk + Pa 


containing Cy . 

8 Cand at, respectively oe 
; s vely. As 
applied to a-, i ul 


consider only cases involving 


V which does 
: Main all points 
Uz fre NIL(e) < 
re disjoint open sets 
ar discussion could be 


3. onsider now a con MUOUs renl-va. u lon fo sce 
der t sd f t Y. Si th 
it ‘eal ie hetion fon 1 
. ( ie 
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restriction of f to each quadrant of each P* may be extended 
continuously to the missing center point (Q,0), and sinee f is 
eventually constant on each positive and negative Ag axis, we sce 
by induction that f must be constant on some set which includes 
at each level a deleted open interval around (Q,w) on the Ag axis. 
Thus there exists a sequence {a,}". on which f is constant, 
where lim a; = at and lim a; = a-. Since f is continuous, it 


tote Soe 


follows that f(at) = f(e-), so X cannot be either Urysohn or 
completely regular. 


4. Since X is not Urysohn, it cannot be either totally separated or 
zero dimensional, In fact, {at,a7} is the only quasicomponent of X 
containing more than one point. But X is totally disconnected 
since {at,a-} is discrete in the induced topology. 


If we double the points of the corkscrew X the resulting space 
will be Ts only. 


or 


6. The deleted corkscrew Y is regular since it is a subspace of X, 
but it is also Urysohn since every point of X except a~ can be 
separated from at by a continuous function. However Y is still 
not completely regular, for, as above, the point a* may not be 
separated by a continuous function from the closed set in ¥ con- 
sisting of the complement of a basis neighborhood of at. 


7. ¥ is totally separated since no more than one point of any given 
quasicomponent of X lies in Y. Further Y is not zero dimensional 
since at had a basis of open and closed neighborhoods in Y these 
neighborhoods would also form a basis of open and closed neigh- 
borhoods of at in X in contradiction to the fact that a* and a7 
together form a quasicomponent of VY. ‘The basis neighborhoods 
of at have nenepen closures so ¥ is not extremally disconnected 
Since the TyehonoiY plank is xeattered so is S, and thus alse | 


and X, 


92, Hewitt’s Condensed Corkscrew 


WP = SU {at} U {ac} is the Tychonoff corkscrew and if [0,Q) is the 
set of countable ordinals, we let A = 7' X [0,Q) and define X to be the 
subset of A consisting of S x {0,2). We think of A as an uncountable 
sequence of corkscrews A, where » € [0,0), and of X as the same 
sequence of corkscrews missing all ideal (or infinity) points. If P: X xX 
X — 0,2) is a one-to-one correspondence, and if a; (¢ = 1,2) are the 
coordinate projections from X X X to X, we define a function y from 


‘i« Counterexamples 


ag hoot 


A — X onto X by ¥(a+,) = mI (A) and ¥(a>y) = mI-'(). Then if ¢ 
and y are two distinct points of X , there exists some rE (0,9), namely 
A = T'(z,y), such that both of the sets ¥"(v) and ¥"(y) intersect Ay, 


“neighborhoods (called tails) of each pointa GA yx ; X will inherit 
the subspace topulogy from A. To construct a typical basis neighborhood 
ofz € X, we begin with a o-neighborhood No of x U ¥"(z) where o is 
the product topology on A = 7 X [0,2) where (0,2) is discrete. Then 
inductively, we let NV; be a e-neighborhood of Nou YUNA X) 
ind N = UN,. Clearly y-"(N 7) X)CN. 


1, 


~~ 


X is T; in the induced topology since each point z © X is the 
intersection of all of its basis neighborhoods, 


Ifx € X, each basis neighborhood N of x is the union of relatively 
open sets WC A.A xX. We claim that is simply the union of 
corresponding NV (where A denotes the closure of N4 jn A, X, 
and N is the closure of V in X). Suppose not; then there would be 
& point y ¢ UNA every neighborhood of which intersected N. 
But every neighborhood Af of y is a union of certain relatively 
Open sets 3 C A, A) AX, and the only way that every such set 
could intersect N would he for each Af A N to contain 
some corkscrew A,. But this means that the corresponding ideal 
point, say at, can be traced back via ¥ to another tail contained 
in both Af and N. Repeating this finitely many times produces 
either y © N oraz € ML; the former contradicts the selection of Y 
and the latter must fail for some neighborhood J/ of y. Thus it is 


true that V = UN, 
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,, sing i lar, each open basis neighbor- 
‘ learly now, since each A) is regular, si 5 
a ee contains a basis neighborhood M such that Mf CN. This 


shows that X also is regular. 


i 4 its a ne ] extension of any 
4. The f tion y: A — X — X permits a natural eionlob an 
: cara a X to a function f on A by defining Jz) = f(x) if 
z © X and f(a) = f(¥(a)) ifa € A — X. If fis years is 
i (0) = JW) U (f 0 WW) = 
since for any open set U, f '(U) = fu 
aed w(F-(U)) where f-(U) is an open subset of X. Thus 
f7(U) = X (UN) where each N; is a o-neighborhood in A 
and UN; is open in A. Thus 
PMU) = [XN (UND U UX A (ONY)] 
= [XO NDY [OP (X ONY) 
= UN, 


since ¥'(X 1 Ny) C Nas and Ny C (XN) U WX ON). 


Hence f'(U) is open in A, so f is continuous on A. 


5. [every real-valued continuous function f on X is es for . 
zy ©X and if X= P(a,y), then Yat) = 2 an oe 
But f is continuous on 4 and hence on Aj, so far) = . 
where flor) = sW(at)) = fla) and far) = fw) = fi). 
Thus f(z) = f(y) for any two points of ay € X. 


93. Thomas’ Plank 


94. Thomas’ Corkscrew 


Let X = v L; be the union of 
1=0 


F —~) 1 
lines in the plane where to = s ie 
{(z,0)|z € (0,1)}, and for i> i, : o 
Li= {(e,1/j2 € 10,0). i> 1, 2 
each point of L, except for (01/7) -— = - 
is open; basis neighborhoods | of E = { 
(0,1/2) are subsets of Ly with E — = 
finite complements. Similarly, § A 


the sets U,(2,0) = {(2,0)} U a 
{(x,1/n)|n > i} form a basis for the points in Lo. 


1. Every basis neighborhood of X is closed as well as open, Ag X is 
zero dimensional and therefore regular since it is clearly Ty. 


2. X is also completely regular since if C is a closed set and p ¢ C, 


i]t Counterexamples 


there must be some basis nei 
Then the function f taking 
points to 0 is continuous. 


ighborhood N of P disjoint from ¢ 
every point of N to 1 and all other 


3. He not normal, since every neighborhood of the closed se 

, ‘yin = 1,23 ..4 contains all but countably many 

Ol a thereas , 1 

points of Y L,, whereas every neighborhood of the closed set L 
contains uncountably many points of 0 by. 


n=l 

wl-valued function 

Elan Sp) = fA By (S(p))) = 
n t=] 

able intersection of open sets in X, 

countable complement, 80 fz, is cons 


set. Since f is continuous on X, fly, 
0 
for a countable set. 


If fis a continuous re ¢ i 
sre on NX, and if p = (O,L/n} 


gs I"(BuilS(p))), acount. 


Thus L"S@) O Ly has a 
tant except for a countable 
must also be constant except 


5. If we use copies of The 


; pmas’ plank to build a corkser, Swlaet 
Tichono sein) uild a corkscrew (as in the 


: we can obtain a regular space whi-h j 
ie ; pace which is not 
; ein: since every continuous function f will be constant except 
or a countable set on coordinate axes at each level of the cork 
screw. Thus if p+ and p~ are the infinity Points, f(p+) = S(p7) 


95. Weak Parallel Line Topology 


96. Strong Parallel Line Topology 


Let A be the subse 
subset {(2,1)]0 <x 
prralel Hine topolog: 


t of the plane {(2,0)0 <2 < 1} 
k A < and let B be th 
<j. X is the set 4 U B. We define the ik 


Yoon X by taking as a be i 


asis all sets of the form 


Uu Vv 
U 
a a ar a em ot 
R 
U U Ww 
a easy 
(X,0) 


Vs {@Dla<ee< b} and Us {@Ola<ez SVU lw la <x < 


oO}. that is, left half-open Intervals on B and right half-o pen Intervals 
: 
; 1g Li 
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parallel line topology 7 consists of the sets U together with sets W = 
{Ola <a <b} U {@ Dia <2 < Bb}. 

!. Since each W may be written as V\U UU, where V = WO\B 


and the union is taken over all U. C W, we see that o is a finer 
topology than 7. 


If we define (2,2) < (y,j) (i,j = 0,1) whenever 2 < y or x = y 
and 7 < j we see that for any two points p,, p2 of X either p, <p» 
or ps < pi. In (X,r), W = {@,0)fa <2 < dU {(z,Dla < x <b} 
= {p © X](a,0) < p < (b,0)}; since each U may be expressed 
similarly, (X,r) is an order topology and is therefore completely 
normal. (Xo) however is not Ts since the closure of each V con- 
tains points on the lower line, so no open subset of B can contain 
a closed neighborhood. 


3. If p,€ A, the sets C = {p © Xip < pj and D = {p € X| 
p > pi} are both open and closed in both o and r. Thus f: X > R 
defined by f(p) = Oif p € C and f(p) = 1if p © Discontinuous. 
Thus both spaces are totally separated, Urysohn, Hausdorff, and 
not locally connected. 


4. X is not sequentially compact with the topology 7 since a mono- 
tone increasing sequence of points of B which is bounded above 
cqntains no convergent subsequence. Thus (X,c) is also not 
sequentially compact. 


5. Considerations entirely analogous to those given for the right 
half-open interval topology show that neither (X,¢) nor (X,r) is 
locally compact, o-compact, or second countable. Clearly both 
topologies are first countable, and as in the right half-open 
interval topology, are Lindeléf and separable. 


6. Since no set V contains any closed neighborhood, (X,¢) is not 
regular, and thus is not zero dimensional since it is [ausdortt. 
But the closures of the sets U (or W for that matter) are just the 
union of the set U and a set of the form I!’ and thus are also open. 
These sets form a basis for + for each U or IW is the union of all 
such sets contained in it. Thus (X,r) is zero dimensional. 

7. Since in either topology all the basis elements are dense-in- 
themselves neither space is seuttered. 


8. Neither (X,c) nor (X,7) is extremally disconnected for, as in the 
right half-open interval topology, a certain infinite union of dis- 
Joint basis elements has a closure which is not open. 


97. Concen tric Circles 


Let X Consist of two concentric circles 
C1, C; in the plane; let C, be the outer 
circle, C, the inner. We take as a sub- 
basis for the topology all singleton sets 
of Cy, and all pen intervals on C; each 
together with the radial Projection of 
all but its midpoint on Ce. 
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Ua and Uz in Ci. Now i 
U, ay . Pa, : 
eo os is disjoint from B, and w 


open, (A 1) C)U (U U.) and (BING 
: aed 
neighborhoods of A and B, respectively. 


3. X is compact. If U, j, 


é : 
hen each U, is a union of basis neighborhoods U2.) 


Cy by the U,° has a finite subcover 


limit point were in Cy, that Point 


if the Euclidean limit point were in C, 
ats Projection to C, (unless the subsequ 
case the r-limit Point is the Euclidea 


is sequentially compact. 


€ may find U, 
@ and U,7F\ CLC Us. Then since 4 Aen 


2) U oe Us) are disjoint 


r of X contains finitely Many 
many points of C2. One May 
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Ci, nested sequences of intervals together with their deleted 
projections. 


NX is not separable since no countable subset is dense in C3. Since 
N is compact, it is Lindeldf and thus not metrizable. 


The components of X are C, and each of the points of C2. 


%. Appert Space 


let X be the set of positive integers. Let N’ (n,F) denote the number of 
integers in a set EC X which are less than or equal to xn, We describe 
Appert’s topology on X by declaring open any set which excludes the 
integer 1, or any set E containing 1 for which lim N (n,E)/n = 1, 


1. 


6. 


n> 0 


Appert space is an expansion of countable Fort space; a set 
C is closed in Appert space if 1 € C, or if 1 ¢C and 
lim N(n,C)/n = 0. 

Appert space is clearly Hausdorff, and in fact, completely normal. 
If A and B are separated sets, and if 1 ¢ AU B, then A and B 
are open. If 1 © A, then lim N(n,B)/n = 0 (otherwise 1 would 


aw 


be a limit point of B) and so B and X — B are disjoint open neigh- 

borhoods of B and A respectively. If 1 © B, the argument is, 
similar. 

X is not countably compact, for the infinite set {2"}, n.> 1, has 

no limit point: no x > 1 can bea limit point since each such point 

is open, and 1 cannot be a limit point of {27} since X — {2"} is 

open. 

Since X is countable, it is e-compact, Lindeléf, and separable. 


X is not first countable, since the point 1 does not have a count- 
able local basis. Suppose {B.} were a countable local basis at 1, 
Then each B, must be infinite, so we can select an x, € B, such 
that 2, > 10"; then U = X¥ — {z,} does not contain any of the 
sets B,, yet it is an open neighborhoud of 1, for N(n,U) > 
n ~ logio n, and thus lim N(n,U)/n = 1. 


X is not locally compact, since the point 1 does not have a compact 
neighborhood, for any neighborhood of 1 is infinite, and may be 
covered by a (smaller) neighborhood of 1, together with a disjoint 
infinite collection of open points. 
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7. Appert space is scattered since in T; spaces every dense-in-itself 
subset must contain an infinite number of points. But this is 
impossible in X since every point other than 1 is open. 


8. Since any set containing 1 is closed, 1 has a local basis of sets 
which are both open and closed. Since all other points are dis 
crete, X is zero dimensional. 


9. X is not extremally disconnected since the set E of even integers 
is an open set whose closure HU {1} is not open. 


99. Maximal Compact Topology 


Let X be the set of all lattice points (i,j) of positive integers together 
with two ideal points 2 and y. The topology r on X is defined by declaring 
each lattice point to be open, and by taking as open neighborhuods of z 
sets of the form X — A where A is any set of lattice puints with at most 
finitely many points on each row, and as open neighborhoods of y alt 


sets of the form X — B where B is any set of lattice points selected from 
at most finitely many rows. 


1. (X,r) is not Hausdorff, for there are no disjoint open neighbor- 
hoods of z and y. But it is T, since each point is the intersection 
of its neighborhoods. 


2. (X,r) is compact since if X — A and X — B are open neighbor- 
hoods of x and y, respectively, then X — ((X — A)U (X — B)] 
= AM Bis finite. 


3. Every compact subset of X is closed, for suppose that E CX is 
not closed. Since each lattice point (2,7) is open, F can fail to be 
closed only if x or y is a limit point of, yet not in, FP. Suppose 
yER- E; then £ must contain points from an infinite number 
of rows. If A = {(@ajn)} is a collection of points in #, one in each 
of infinitely many rows, X¥ — A together with the disercte points 
(¢n,jn) forms an open covering of / but has no finite subcover, 
Similarly if x € # ~ E, then EZ must contain an infinite number 
of points from some one row ;80 we let B be that row and cover EF 
by X — B and singletons. Thus a set which is not closed cannot 
be compact. 


+. Suppose r* Dz is a compact topology for X. If the containment 
were strict, there would be a subset A which was closed under 
r* but not under 7. But then A would be compact under 7* but 
not under +, which is clearly impossible. Hence nu topology on X 
which is strictly larger than 7 can be compact; that is, 7 is a maxi- 
mal compact, non-Hausdorff topology. 
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5. X is second countable since it is first countable and countable. To 
see that X is first countable we observe that all points other than 
x and y are open. The collection of sets A is countable so z has a 
countable basis; on the other hand, y has a countable local basis, 
the sets consisting of X — 7' where T is a finite collection of rows. 


ry} is a quasi t of X which is not a com- 
6. The doublet {2,y} is a quasicomponen ot 
ponent. Thus Xx is totally disconnected, but not totally separated. 
Clearly X is scattered since in a T, space any dense-in-itself sub- 
set must be infinite, but all points except x and y are open. 


100. Minimal Hausdorff Topology 


If A is the linearly ordered set {1, 2,3, ...,0, . ven =3, me! Br 
with the interval topology, and if Z+ is the set of positive integers W 

the discrete topology, we define X to be A x Zt together with ee 
ideal points a and —a. The topology Tron x is determined by Lose prod: 
uct topology on A X Z* together with basis neighborhoods M,+(a) = 


fa} U {GA <w, G>n} and M,-(—a) = {[-a} UIGD >», 
j>nj. 
1. A straightforward consideration of cases shows that, (X,7) is 
, Hausdorff, though not completely Hausdorff since for all integers 
nand m, M,*(a) C\ M,-(—4) = {(w,t)|i > max (m,n)} ¥ @. 
Clearly cach basis neighborhood is the interior of its closure, so 
(X,r) is semiregular. But it is not regular since it is not com- 
pletely Hausdorff. 
i i s for covering of X with no 
3. The basis neighborhoods form an open f : 
finite subcovering, since the points (w,j) are contained only in 
their own neighborhoods, Thus X is not compact. 


i) 


4. However, X is almost compact since any collection of oe ae 
: which covers X must have a finite subcollection whose closur 
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cover X. This follows from the fact that the closures of any neigh. 
borhoods of a and —a contain all but finitely many of the points 
(,j). A straightforward consideration of cases shows similarly 


that the complement of any basis neighborhood is also almost 
compact. 


5. Now suppose 7* C +, suppose N is a basis neighborhood of 7 and 
suppose {0q} is a7*-open covering of X ~ N. It is then a T-open 
covering, so there exist finitely many sets O;,.. . , On the union 
of whose r-closures covers X — N. But the r’ closure of O; con- 
tains the 7-closure, so X — N is covered by the union of the 7 
closures of 01, Ox... , O,. In other words, X — N is an 
almost compact subset of (X,r°). 


6. Suppose 7° is a proper subtopology of 7. Then there would be 
some basis neighborhood N € 7 for which X — N would not be 
closed in r*, and so there would be a point « © WN such that ¢ 
belongs to the r* closure of X — N. Let {C.} be the family of 
7-closed neighborhoods of 2, and suppose {X — C,} covers 
X — N. Then for some C, ... Ca, X —N CUX = C;; but 
UX — C; is closed, so must contain x. Since the C; are neighbor- 
hoods of x, this is impossible, so {X — C,} could not have 
covered X — N. Thus (\C, contains more than just the point z, 
so r* cannot be Hausdorff. This means that 7 is a minimal 
Hausdorff topology for X. 


101. Alexandroff Square 


If X is the closed unit square (0,1) x [0,1], 
we define a topology 7 by taking as a 
neighborhood basis of all points (s,) off the 
diagonal A = {(z,z)|c € [0,1]} the inter- 
section of X — A with an open vertical line 
segment centered at p: N.(s,t) = {(s,y) € 
X— A|lt—y| <e}. Neighborhoods of 
points (z,z) € A are the intersection with 
X of open horizontal strips less a finite 
number of vertical lines: M((s,3)) = 
(ey) = Xv — 81 <a to, my... , tah. 


1. X is Hausdorff as may be seen by direct examination of cases. 
Consider two points (ayy), (2,y2) © XI yy ¥ y2 then we may 


find disjoint horizontal strips, and thus disjoint open neighbor. 


! 
| 
| 


bo 
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Z* 121 


hoods, containing (x,y) and (22,42), respectively. If y, = yo, 
then either 2, ¥ y: or t2 * ys; say 2, * y:. Then any open hori- 
zontal strip containing (22,y2) less the vertical line through 
(a1,y1) and any basis neighborhood of (z,y:) are disjoint neigh- 
herhoods of (t1,y1) and (2x2,y2). 


Suppose A and B are separated subsets of X. Then each point 

a = (a,a,) © A has a neighborhood N.(a) or M.(a) which is 

disjoint from B. If a © A we may assume (by selecting ¢ suffi- 

ciently small) that AI.(a) A= {(«,2)| le — a| <«}. Then 

U=( VU N.pla))U( U  M.p(a)) isanopenset containing 
oEA-A ae Ans 


A, and we may define similarly an open set V containing B. 
Clearly UV = @, so (X,r) is Ts and therefore completely 
normal. 


Let {U.} be an open covering of X, and let B = {al[U,NA# 
@}. If w is the projection map of X onto the y axis, {+(U.)}aex 
is an open covering of [0,1] and thus has a finite subcovering, say 
{r(U.,)}i1- Then {Ua,}%1 covers all of X except for finitely 
many closed vertical line segments, and each of these may be 
covered by finitely many U,. Thus (X,7) is compact. 


No point on the diagonal A can have a countable local basis so 
(X,r) is not first countable. But X is sequentially compact since 
every sequence has a subsequence {(z,,y,)} which converges in 
the Euclidean topology on X to a point, say (x,y). Then {(z,,y,)} 
converges in (X,r) to (y,y) unless all but finitely many of the z; 
are equal; in this case, {(x,,y:)} converge to (z,y). 


The induced topology on each vertical line in X, as well as on 
the diagonal A, is the Euclidean topology. Since these are arc 
connected, so too is (X,r) for two points in X may be joined by a 
path consisting of two vertical line segments and an interval 
along the diagonal. Thus X is connected. But clearly it is not 
locally connected since no nontrivial neighborhood of any point 
on & is connected. 


Let 2+ be the positive integers with the discrete topology; let X = 
Nl 2+; be the countable Cartesian product of copies of Z+ with the 


iEZr 


Tychonoff product topology 7. 


1. 


on 


6. 


If x = (ev) and y = (yi) are points of X, and if Ezy denote 
{2 © Z+\2; ¥ ys}, we can define a metrie for X by d(z,y) = 


= 2-4 Since hy U Ey. D E,,, dis a metric for X; since 
i€ELy 
Bea) C rX(a,), the Cartesian product topology is finer than 
i+1 
the metric topology. But since (\ ai (a;) C Bri(a), the topol- 
gol 


ogies must be equal. 


If a subset ¥ of X is compact, 7,(Y), the projection of Y onto 
the nth coordinate, is compact and thus finite. So no compact set 
in X can contain an open subset, for each open set U CX must 
have some projection m(UV) which equals Z+. Thus VY is not 
locally compact. 


X is not o-compact either, for if XY = VY;, Yi compact, we 
can define m(n,k) to be the greatest integer in #,(¥,). Then 
the point whose nth coordinate is m(n,n) + 1 is in X, but not 
in any Y,. 


X is second countable, and thus Lindeléf, since it is the count. 
able product of second countable spaces, 


Since 2+ is totally disconnected, each projection map must take 
a connected subset. of X to a point; thus only one-point sub- 
sets of X may be connected, so X is totally disconnected. In 
fact, the subbasis sets a'(7) are open and closed, since they 
are the inverse images under continuous maps of open and 
closed sets, so X is zero dimensional and thus totally separated. 


No point of X is isolated so X is dense-in-itself, and thus not 
scattered. 


A sequence of points {r.} C X converges to the point x iff each 
coordinate 2;* eventually equals x, (for sufficiently large 1). 
Indeed, each coordinate in a Cauchy sequence eventually be- 
comes constant, so X is a complete metric space. 


In the space (X,d), the open ball B:-,(a) is the set {(ay, M2... 

45, Tir, Tye, 2) UK Daye = Qype}, and its closure is simply 
J 

the set {(a1, a, . 9 iy Vir Lig, . .)} = OV wea). Thus 
i=l 

Bz-;(a) is closed in (X,@) but open in (X,r)—-yet both spaces 

have the same topology. 


Te= (Lid... 1, 0,0,0, . . .) with ¢ consecutive l’s, 


10. 


U B=(e). But B= le} U U Bre), so e cannot be an 
i= _ xt : ; 

interior point of B since every point of B — {e} must contain 
some consecutive zeros, yet every neighborhood of e contains 
@ point with just one zero. Hence B is an open set whose closure 


is not open, so X is not extremally disconnected. 


The Baire metric on X defined by 8(z,y) = 1 /n where 7 is the 
index of the first coordinate at which x and y differ has the same 
Cauchy sequences as the metric d. Thus it yields the same 


topology. 


103. Uncountable Products of Z* 


itive i ay + 
If Z+ is the discrete space of positive integers, we let X) Tl 2+, 


aA 


where ) is the cardinality of A. We assume that \ > Xo—that is, that 
A is uncountable. 


1. 


bo 


X, is clearly Wausdorff and completely regular since these prop- 
erties are preserved by arbitrary products. 


X), is neither first nor second countable. Assume {Bipisa pape 
able local base at the point p © X),. For each 7, 7.(B:) = Z* for 
all but finitely many a; since there are uncountably many a, 
we can select one, say a, such that 74,(Bi) = a for all 7. sori 
Tac !(Pea) = {y © XalYoo = Pao} is an open neighborhood of p 
which contains no B;, so {B;} is not a local base at p. 


{f \< 2™* XN, is separable. For in this case there exists 1 bijec- 
tion $ ot A onto a proper subset of the unit interval I. Let J; : 
Jo, .. ., dx be any finite pairwise disjoint collection of close 
subintervals of J with rational endpoints, and m, m2, . . . smbea 
finite subset of Zt+. Let p(J1, . . . » day My,» - «Md be the point 
(pa) © X) where pa = ni if (a) © Jj, and pa = O otherwise. 
The set of all such points p(Ji, Jo, . . - yay 1, Ma. - vs Te) 
is clearly countable; it is also dense, for given any open set in X 
k 


of the form OV wa,7"(U4;), where Ua, is any open set (that is, any 
j=1 


? + eae . 
set) in Z+,,, we can find a pairwise disjoint collection Ji, .. . , 
J, such that ¢(e,;) © J;, and for each j, an n; such that nj © Ua, 


Then pW, . - »%) © O a (U,,), since when- 


aged by My: scene f 
j=1 
ever $(a;) © Ji, Pa 


=n; © U4, 
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4. Conversely, if \ > 2% X) is not separ: ) 
@ countable dense subset of X, 3 Gan Te as pier 
DO x7(1) and DA m™g-"(1) are distinct, since each basis neigh. 
borhood 72-1) and xs"*(1) is both open and closed. Thus the 
map ®: A — P(D) given by ®(a) = DN ®a~'(1) is injective, 9 
A= card A < card P(D) = 9% 


5. X) is neither compact, ¢-compact, nor locally compact since Z? 


I 125 


A Baire basis set By,,(z) consists of all y © X whose first ¢ coor- 
dinates agree with those of x. Clearly no basis set of the Tychonoff 
product topology on R* can be contained in By,(x), but By,.(x) 


is contained in the Tychonoff basis set (\ xj(U;) where x; € U; 
j=1 


2 
for all j < 7. Thus the Baire topology is strictly finer than the 
Tychonoff topology on R*. 


is none of these and the are all . 
maps. Also like Z2,_Y, is zero di Brevtved by Open continuous 2. If {x,} isa Cauchy sequence in X, and if z;,, is the ith coordinate 
set ta"(pq) is both oped and ec Boe: each subbasis of the term z,, then for each 7 the sequence 2,1, 252, tia, .. - 
6. Ford = Oand 1. } nol Scattered: is eventually constant, say x‘. Then clearly {z,} converges to 
tha ; 1 let Pi C Xy be the collection of all points with x = (x). Thus X is complete. 
c stig ty that each Integer except 7 appears at most once asa 
coordinate. Then since A is uncountable, P, \ P, = 3. The induced topology on each coordinate axis R; is discrete. In 
since X,— P; = U (a(n) AV gt : 0 = & and Pp 5 
i= Ta 7 aa f 
exe me "(n)), P; is closed. We will fact, since By(z) =  xj-"(x,), the topology generated on R° 
ii j=l 
ge that any two neighborhoods U and V of Poand P, intersect by the Baire metric is precisely the Tychonoff product topology 
een be oe . where the factors R; are assumed discrete. But clearly X is not 
nite subset F C A determines a basis neighborh discrete. 
F(z) of any point z € Xy by F(z) = 1 re(2,). See 
inductively a nested ; , a€P : 4. Since the projection of every compact subset of X onto each 
subsets of A paring: Sequence F, = fa;}7_1 of finite discrete factor space 2, is compact and therefore finite, a compact 
2" & Py. Let z.° = 0 for all Di aia Sequence of points subset of X can be at most countable. But X itself is uncountable, 
F,_1 are given; select F, 5 P. ae ree Suppose that x” and so it cannot be o-compact. Similarly, since every basis set in X 
and then select gat € Pp, oe that : te fae F(z") CU, is uncountable, X cannot be locally compact. 
and x," = : ay = J whenever a; € F,, 
aitnceae ees Now let y € P, be defined by Ya; = ; 5. Since the discrete topology on each factor space R; is non- 
finite set G 4 a ™ 4nd ya = 1 otherwise. Then there is a separable, X cannot be separable. 
a CA such that G(y) C V. Then for some integer m, 
GNUR=GN Fr, so 6. Since the subbasis sets 7;~'(2,) are the inverse images under con- 
8 m we ; 
2 =k 2 h ; may define a point 2 € X) by tinuous maps of sets which are both open and closed, they, and 
nnd aperitad bid © Fa, 2, = 0 whenever om © Fay — Fp, therefore the corresponding basis sets, are both open and closed. 
ae ‘18. a = Ya if x C\ Pr, an s Thus X is zero dimensional. Since no point is open, X is dense- 
Wie ee foe € GM Pp, and other Thus X d al. Si point is open, X is d 
ees ce ae = Ya = 1; thus z € Gy) CV, Furthermore, in-itself and therefore not scattered; since X is metrizable and 
Fr. F. at al a € Fa, and z= 0= Ta" if a not discrete, it is not extremally disconnected. 
m1 ; thu ~ 
i 3 : z wep ta (ag) = Frai(z™) CU. So 
z © UNM V, which was to be proved, 
105. F 


104. Baire Metric on Re 
Let J’ be the uncountable Cartesian product of the closed unit interval 
real line, we define the Bai soi cede ss 
3 » : e Daire metric on X by d((z,),(y,)) = 1/7 w . : 

is the first coordinate where x and y differ. ¥ ded) Vawter 1. 


If X = Reis the set 1 R, y 
ie set a R,, where each ; is a copy of the Euclidean 


7’ is compact and Hausdorff since J is compact and Hausdorff. 
Thus J is normal. Similarly since I is connected, so is J. 


a 


3. Suppose {Bisa countable local 


2 As Q/n € In € 2*}, TF! contains ¥ = 


Space topology on Y js homeomorphic to TN Z+, si 


basis at i sii 
eas . : & point y E J g 
the i Ta(Bn) = J for all but finitely many a, and sine th 
ay unta le, there must be an a, such that x. (B,) rile 
o if U Js an open neighborhood of You U x L , a i 
open neighborhood of y which contains meee 
first countable, 


Points of J! are f, i 
unctions from J to 7 and 

2 ; : F @ sequence of poi 
pte ee tow - the functions % converge pehatat 

‘ » Ut for each x € 7 r) ¢ i 
- : L » O%(2) converges in J 
Ra reac follows direetly from the definition of a a 
alee nee ae ee open neighborhoods in j1 wiatelel Gale 

n nates at a ti is j i . 

eee a time, and this is Precisely point. 


I’ ig st ig i 

me Ft anes compact since the Sequence of functions 

eae ea - the nth digit in the binary eccanisen 
o subsequence. For su sc is 

es which converges to a point op ae fe es 

= + (2) converges in T to a(x). Let pe I ‘i vino 

erty that an,(p) = Oor ] according to wh 


Then the se uence fa, P)} is 0, 1,0 | ae which nno 
‘q eC i 
{ 2G )} x7) UY, OT, »W cannot 


106. [0,0) x 7 


Let ¥ be the pri 
\ the product of (0,2) with the inter 
the Cartesian product topology. pee 


1; 


pology und J with 


X is Hausdorff and con 


a npletely regular since both fi 


tebor spaces 


pci {0,2) is countably compact and J? j 
ably compact. However XY is neither co 


dE A;; the sty 
nee the igs 


Helly Space 127 


Since [0,2) is neither separable, Lindeléf, nor c-compact, X also 
cannot satisfy these conditions. Similarly, since J! is not first 
countable, neither is X. But since both J? and [0,9) are locally 


compact, so is X. 


107, Helly Space 


The subspace X of J! consisting of all nondecreasing functions is called 
Helly space; it carries the induccd topology. 


1. 


If f ©  — X, it is not nondecreasing. Thus there are points 
ayy © 1 such that 2 < y but f(z) > fly). Ife < H(z) — Sy), 
and if U,= B<f(@)) and U, = B,(f(y)), then 2-(U) AM 
my(U,) is a neighborhood of f disjoint from X. Thus X is a 
closed subspace of the compact set I’, so X is a compact Haus- 
dorff space. 


Each function f € X has at most countably many points of 
discontinuity. Let A, be these points of discontinuity together 
with the rationals in the unit interval J; then A; is a countable 
set. We claim that the set of all finite intersections of 
ma '(Bi;(f(a))) for a © Ay and j = 1, 2, 3, . . . is a countable 
locai basis for f. To verify this we need only check that every sub- 
basis neighborhood 2,(3.(f(y))) contains an element of our 
countable family. If y is a point of discontinuity of f, we merely 
select 7 so that 1/j < ¢, and take 2“'(B,,;(f(y))). If not, then f 
is continuous at y, so there is a 6 such that f(z) © B.(f(y)) 
whenever | — y| < 5. So if @ is a rational in the interval 
(y,y + 8) and j so large that By;(f(a)) C B.{f(y)), and similarly 
if b is a rational in (y — 6,y) and Bia(f(b)) C B.(f(y)), then 
every function of X in ro (By;(f(a@))) C\ we (Bix(f(b))) must 
be in #,-"(B.({(y))). Thus X is first countable. 


Let A; be the set of diadic rationals in J with denominator 2‘; 
then {A,} is an increasing nested sequence of finite subsets of I 
whose union is dense in I. For each 7, let Y; be the set of contin- 
uous piecewise linear functions in X which take on rational values 
at each point of A; and which are linear between these points. 
Each Y; is countable, so Y = UY, is also. Furthermore, Y is 
dense in X, so X is separable. 


The collection of functions f, defined by. f.() = 0 if t <2, 
fAx) = 3, and f,(t) = 1 if 4 > x is an uncountable subset of X 
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which is discrete in the induced topology, Thus, this subspace 
is not second countable, and so therefore neither is X ; further- 
more, since X is separable, it cannot be metrizable. 


108. C{0,1] 


The space of real-valued continuous functions on the unit interval J will 
be denoted by C[0,1]; it is a metric space under the sup norm distance: 
a(S) = sup If ~ 90. ; 


, A : F 

1, C10, 1] is a complete metric space, since cach Cauchy sequence 
in C0,1) is a uniformly convergent sequence of continuous fune- 
tions, which must have a continuous function as a limit. 


2. €(0,1] is separable since the polynomials with rational coeffi- 
cients form a countable dense subset. 


3. Every open ball BAf) contains a sequence {fi} such that 
a(fif;) = € (for 1 ¥ 3) and which therefore has no convergent 
subsequence. To see this we define 
$n € C[0,1] to be —¢/2 on [01/2 — 
e/2n), +e/2 on [1/2 + «/2n,1] and 
linear in between. Then fie=ft+ 
: © Bf) and satisfies d(f,,f,) = ¢. 

Thus C(0,1] has no compact neigh- u 
borhoods, so is neither locally com- 

pact nor, since it is of second 

category, -compact. 


4. C[0,1] is both are connected and locally are connected since each 
ball B,(f) is convex. That is, the function ¢: [0,1] > C{0,1] de- 
fined by o(1) = ig + (l—Dhisa path joining g to h; if g and 
h lie in B.(f), so does each (it). 


109. Boolean Product Topology on Re 


If X = Re is the set is R, where each FR, is the Euclidean real line, 
we generate the Boolean product topology + from basis sets of the 


form AL U, where each U; is open in R,. 


1. Clearly each basis set of the Tychonoff topology is open in the 
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Boolean topology, so z is strictly finer than the Tychonoff prod- 
uct topology on X. Thus (X,7) is Hausdorff. 


2. (X,r) is also Ts, for suppose A and B are separated subsets of X. 
Then each a = (a,) € A is contained in some basis neighborhood 
IU {a,), disjoint from B, where each U(a,) is an interval in R; 
centered at the coordinate a;. Let U,*(a;) be the middle half of 
the interval U;(a,), and let U*(a) = T1U;*(a,). If V*(b) is de- 
fined similarly for each 6 € B, then U = a U*(a) and V = 


U V"*(0) are disjoint open sets containing A and B respectively. 
bEeB 


3. Since in the induced topology each of the translates R/ = 
{y © X|y; = 2, i #7} is homeomorphic to the connected set 
R,, X is connected. 


4. Since (X,r) is an expansion of the Tychonoff topology on R*, 
which is homeomorphic to Hilbert space, any compact subset of 
X must be compact in Hilbert space. Thus, since Hilbert space 
is not o-compact, neither is (X,r). But (X,r) is locally compact 
since the product of compact intervals is compact. 


5. Suppose {U;} is a countable local basis at the point z € X; let 


FS 


U;= ; U,;. Then for each i, let V; be a proper subset of U.; 
containing 2z;; then Il V; is a neighborhood of x = («,) which 
does not contain aig-ot the sets {U;}. Thus {U;} cannot be a 
basis at. x, so X is not first countable. 

6. Neither is X separable, for if, for each 7, U,; is the open interval 
(3,3 + 1) in R,, then the collection of all sets Ajj.) = a Oi 


where {j;} is an infinite subset of the integers, forms an uncount- 
able disjoint collection of open sets in X. This shows in fact that 
X does not satisfy the countable chain condition. 


110. Stone-Cech Compactification 


Let (X,r) be a completely regular space, let J be the closed unit interval 
[0,1] C R, and let C(X,J) be the collection of all continuous functions 


from X to 7. Let /¢*2 = IL 1, where J, is a copy of I indexed 
AEC(X I) . 
by \ € C(X,1). We denote by (4,) the element of 7°. whose Ath coor- 


dinate is 4. Then if hx: X > [°%-P is defined by hx(z) = (A(a))), the 


ioU  Counterexamples 


image of hx, hx(X), isa subset of the compact Tausdorff space Jeary 
f 


so its closure BX =hy(A) isa compact Hausdor 
Stone-Cech compactification of (X,r). 


I, 


wo 


fF space known as the 


hx is a homeomorphism of X onto Ax(X), a dense subset of BN. 
Since px O hy = d for each X E C(X,1) (where py is the pviiae 
tion of IJ, onto J), hx is continuous. It is also injective fae it 
xy © X, x # y, there is a continuous function \: X — T such 
that A(z) = 0 and A(y) = 1. Thus x(x) # hy(y). In fact h is 
injective iff X is Urysohn, Finally, we can show that h he 
open mapping by selecting amy open set U CN, and : an 
x € U. Since (X,7) is completely regular, there eats aes vi 
tae ae 0 while \ == 1 on the closed set_X — U. Then 
x prx"((— © ,1)) is g subs i 
wo ide — subset of hx(U) which con- 


Every continuous function f from X to a compact TWausdorfft 
space Y has & unique continuous extension to BX; that is, for 
Faby Asioeniaeg [xX > ¥ there exists a continuous function 
ARs a Y such that fo hx = f. To prove this we note first 
at for any space Y, a continuous function f: X  y induces 
a continuous function /: TOD —, 00. as follows, If ke 
ee then Kose C(X,1) so we may define PF; 70x, _, 
$ by F((4)) = ((40,)4); that is, the & O fth cuordinate of 
(4) is taken as the Ath coordinate of F((Q)). Since py OF 2 
alts ee map for each k, F itself ig a continuous icy 
eee eo hy Of by computing the kth 
(Ax(2))kos = k O f(z) = 


(hy S(@)))n. Thus P(hx(X)) C : 
eee al 

hy(Y) so by the continuity of : ' 

F, FBX) C P(hx(X)) C BY. 

Thus F restricts to Bf: BX > ‘ Me 


BY such that Bf O hy = hy Of. 
Now since Y is compact hy: 
Y—sy isa homeomorphism 
so j= hy O Bf is the desired 
continuous extension of Sf, for 
te hy 7 OpfOhx = hy 0 hy Of = f. Since Y is Haus- 

orff, f 1s unique, for a map from any space X to a Hausdorff 
space Y is determined by its values on any dense subset of X, 


EOD ey) 


The properties that 8X is compact, A(X) is dense in BX, and 
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that every map from X to a com- 
pact Hausdorff space Y may be T . 
extended uniquely to BX charac- f h 
terize BX. For let T have those 
properties. Then there exists an x h ax 
inclusion f of X into T with a 
unique extension f: BX 3 T, and 4 

fs hi if. 
a unique extension A to T of 
the inclusion h of X into BX. 
Since both f O fand the identity 
i: BX — BX are extensions to BX of h: X BX, h oO f must be 
the identity on BX; likewise f 0 f is the identity on 7. Hence 
8X and 7’ are homeomorphic. 


A second description of 8X may be given as follows. We call 
A CX a zero set if for some continuous real-valued function of: 
on X, A = {x © X|f(x) = 0}. Clearly, for a completely regular 
space X, the collection Z of zero-sets forms a basis for the set 
of closed sets of X, that is, every closed set is an intersection of 
zero-sets of X. We note that the points of X are in a natural 
correspondence with the principal ultrafilters of zero-sets and 
we shall identify a point with the corresponding ultrafilter; 
further, we shall restrict our attention to ultrafilters of zero-sets 
which are the intersections of ordinary ultrafilters with Z, the 
collection of zero-sets. We now take as a new definition of BX 
the set of all ultrafilters of zero-sets of X. 

With these conventions we define a topology on 6X by 
taking as a basis of closed sets all sets of the form C4 = 
{F © BX|A € F}, where A is any zero-set; clearly Ca (\ Cp = 
Cana. Then the function h: X 8X which assigns to x the 
principal ultrafilter of all zero-sets containing z is a homeomor- 
phism into 8X and its image is dense in BX with the given 
topology. To see this we note that A is one-to-one, since distinct 
points give rise to distinct principal ultrafilters, and if A is a 
zero-sct in X that h(A) is just h(X) CO Ca; thus A of each closed 
set is closed and h of each open set is open. Since X is the only 
set contained in all principal ultrafilters, Cy = 8X is the only 
closed set containing h(X). Thus h(X) = BX. 
8X is compact since it satisfies the finite intersection axiom. Sup- 
pose {Ci}xea is a collection of closed subsets of BX with non- 
empty finite intersections. Then if each Cy is the intersection 
of closed basis sets C4q,q) (that is, Cy = C\ Cac.e) the family 
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{Caa.a} also has nonempty finite intersections. Hence so does 

the family {AQ,a)}, which Means that some ultrafilter F in BX 

contains all of the zero-sets A(A,a). Clearly for all and ), 

FE Caan = (GE BX|A(A,a) EG}, so FEN \ Cage) = 
A a 


NC. 
a 


The two spaces BX are homeomorphic since they both satisfy 
the three characterizing properties enumerated above. To com- 


in 6X any extension we can produce will be unique; so suppose 
Sf: XY, and let FE BX. Let B= ELF) = {zero-sets 
AC Yif(4) € FY}; then F is a filter in ¥ which inherits from 
F the property that whenever A and B are zero-sets for which 
AU BE BE, either A or B also belongs to E. Since Y is compact, 
aA is nonempty; Suppose p and g are both in each set of E, 
A 


p * q. Then since Y is completely regular, being compact and 
Hausdorff, there exist disjoint open neighborhoods U and V of 
p and g respectively whose complements are zero-sets. Thus 
since (Y — HU Y-Ve= Y € E either ¥ ~ y or Y—YV 
must also be in E; but neither can be in F if both p and q@ are in 
every set in E. This contradiction shows that the sets of E can 
have at most one, and hence precisely one point in common. 
This point we call SP), and thereby define f: 8X 3 Y; fis the 
desired extension of f. To show that f is continuous we need only 
show that the inverse image of any closed Zero-set is closed, and 
this follows from the fact that for every zero-set AC FY, 
F(A) = Chay. 


111. Stone-Gech Compactification of the Integers 


Let (X,7) be the Stone-Cech compactification of Z+, the space of posi- 
tive integers with the discrete topology. 


1. 


The set X is that subset of [°@°.D which is the closure of the 
image of hg: Zt — Jee*.y where hz. is defined by hzs(n) = 
(A()) for \ C(Z*,D). Since Z+ is discrete, C(Z+,)), the set of 
all continuous functions from Z+ to J, is merely the set of all 
sequences of numbers in J = (0,1]. Since the set of all zero-sets 
of functions from Z+ to RF is just the power set P(Z+) we may 
also describe X as the set of all ultrafilters on Z+. Since the prin- 


bo 
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cipal, ultrafilters correspond exactly to the points of Z* we may 
consider X to be Zt '\U M where M is the collection of all non- 
principal ultrafilters of Z+. In this case we have as a basis for 
our topology the collection of all sets of the form Us= 
{F € X|A € F} for A C Zt, since X — Uy = [FE X\(X - 
A) € F} is by definition a basis closed set. If x € A, and if PF, 
is the principal ultrafilter containing {x}, A € F; so, happily, 
F, C Us, which can be interpreted to mean that AC U4. 
Clearly each U, is closed as well as open; furthermore, Us (\ Us 
= Usns, and A C B implies U, C Us. 


The cardinality of C(Z+,1) is the cardinality of all countable 
subsets of I which is c, the cardinality of the reals. Thus card 
(1€@*.D) = e so card (X) < c = 2¢, Analogously, the set of 
ultrafilters is a subset of P(P(Z+)) and so has cardinality less 
than or equal to 2% = 2°, 


Since the Cartesian product of ¢ = 2” separable spaces is sepa- 
rable, [°2*.P must have a countable dense subset D. So there is 
a surjection ¢: Z+ — D which is continuous since Z+ is discrete. 
Thus ¢ can be extended continuously to $: X = D. Since x is 
compact, so is $(X) 380 $ (X) is a closed set containing Pr which 
can only be D = 12"), Thus card (X) > card (I@@".D) = 2, 
So therefore X has cardinality 2°. 


When 8X is considered as u set of ultrafilters the above cardi- 
nality argument takes the following form. We must construct; 
so to speak, 2° ultrafilters on the positive integers. We in fact 
construct 2” ultrafilters on any infinite set with cardinal a. Let 
F be the set of all finite subsets f of X and let @ denote the set 
of all finite subsets ¢ of F. Note that F X @ has the same cardi- 
nality as X so it is sufficient to construct the desired ultrafilters 
on F X ®. For any subset A C X we define ba = {(f,¢) € 
FX A Mf & $}; let ba’ denote (F X ©) — ba. Now for each 
Sin P(P(X)) let Bs = {balA ES} U {byl ¢ 8} C PF X @). 
Then Bg has the finite intersection property, and thus is the base 
for a filter on F X ©. If S and P are different subsets of P(X), 
there is some set A € S — T; thus b4 © Bg, and ba’ © Br, so 
any ultrafilters containing Bs and Br are distinct. Thus there 
are at least as many ultrafilters as subsets of P(X)—that is, 
2° many. We note that of the 22" ultrafilters, at most a are 
principal, so we have 2®* nonprincipal ultrafilters. 


5. If F © M, the sets U, for all A & F form a local neighborhood 
basis at FP. 8o if Ois an Open set and if A = 0 7) z+ O must be 
contained in U,, for if F © ONM, there exists a set BC 
such that F € U, C O. But then BC A, so F € Ug, 


6. If A = OW Z+, where O ig open in X, and if F € y every 
neighborhood Us of F must intersect O since BNA# 3 Thus 
FC 0. Conversely, if @ © U4, then Uz+_4 is an open set a 
taining G which is disjoint from O. Thus 0 = U so X is 
extremally disconnected and Since ifO = Uy we layed =U x" 
X is zero dimensional. Tn fact if Z+ = 4U B, A AB ae 
then UsU Us = X and UD Us= Z. : eel 


SI 


Every neighborhood U4 of every point F M contai 
many elements of Af » 80 M is dense-in-itself, Th 
scattered. , 


ns infinitely 
us X is not 


8. x is separable since Z+ is dense in X, But, since X 
disconnected yet not discrete, it ig not metrizabl 
regular, it cannot be second countable, 


is extremally 
le; since it jis 


112. Novak Space 


If Zt denotes the positive integers with the discrete ’, and if § 
is the Stone-Cech compactification of Zt, we ‘alleomgee eae 
finite induction 2 certain subset P of Let F be the family of al 
ae subsets of 8, well ordered by the least ‘lina! T of 
ee Pe cunt (S). Let {Pad € F} bea collection of subsets of § 
me card (Pa) < 2, Pp C Pa whenever D < 4, and f(P,) A 

A= Ow here J is the Unique extension to § = 8(Z*) of the contin- 
oe function f: Z+ > g+ which permutes each odd integer with 
e; Pat Pisa (mn) =n te (—1)"*_ Then we define P = 
: SA ae Ba define Novak’s Space by Y= Py Zt; X ig 


1. The collection {[PalA € F} can be defined inductively as fol. 
lows: if BE F where P, has been defined for all A < B let 
Qe = U[PaJa < B}. Then card (Qk) < 2 since card {Ala < B} 
< 2° and card (Pa) <2. Furthermore, since f O J is the iden- 
tity on Z+, so is J Of on S. Thus fis invertible, so F(Qn) = 
Uf(P,) cannot intersect Qy. Now B is an infinite closed subset 
of S, and any such set must have cardinality 2°; hence card B> 
card BU JF(Qs), 80 there exists a point x € B — B such that 
x ¢ f(Qz). Let Ps=Q2U {x}. Then clearly card (Pa) < 2°; 
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furthermore, f(Ps) \ Pe = f(Qs U {2}) A (QU {z}) = 
{f(2)} A Qn since f leaves no point fixed. But this intersection 
is empty since otherwise z.= fU@) € F(Qz). This completes the 
inductive construction of the sets P4. 


If B is a countably infinite subset of S, P contains a limit point 
of B, since by construction P contains a point of B — B for 
each such B. So X is countably compact. 


Let K = {(n,f(n))|n € Z+}. Since f: SS is continuous, its 
graph G = {(2,f(x)) CS x S} is closed in SX S. Since 
POP) = @ by construction and f(z C4, GN (X X X) 
= K, so K is closed in X X X. Furthermore, K is infinite and 
contains no limit points of itself since it is the graph of the 
homeomorphism f on the discrete set Z+. So K is an infinite set 
of X X X without a limit point so X x X is not countably 
compact, 

X is separable since Z* = X, and X is completely regular since 
it is a subspace of the normal space S. 


113. Strong Ultrafilter Topology 


Let Z+ be the positive integers, and let Af be the collection of all non- 
principal ultrafilters on Z+. Let X = Z+U Mf , and let the topology + 
on X be gencrated by the points of Z*+ together with all sets of the form 
AU [(F} where A € F € M. 


ls 


X is Hausdorff, since any two members F and @ of M , being 
ultrafilters, are incomparable. So there exist A € F — G, BE 
G — F, Then since F is an ultrafilter, B' € F, so A (\ Bl = 
A-B€EF. Similarly, B— A € G, and so (A — B)U {F} 
and (B — A) U {@} are disjoint neighborhoods of F and G. 
(Note that F € Af can be separated from any y © Z+ precisely 
since no y can be contained in all sets of F since F can have no 
cluster points.) 


We can prove that X is extremally disconneeted by showing 
that if O is an open subset of X, O is open. Suppose p is a limit 
point of O which does not belong to O; since each point of Z+ is 
open, p © X — Z+ = M.So pisan ultrafilter, say F, and every 
neighborhood AU (F} of p (where A € F) intersects O. But 
since F itself does not belong to O, this intersection is contained 
in Z+. Thus, O 7 Z+ intersects every member of the ultrafilter 
F; but it is a property of ultrafilters that for every subset § 
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Thus (OM Zt) U {F}, or equivalently, (0 7) 2+) U {p}, ‘i 
open. Thus 0 U {ip} =O0U (ONZU {p}) is open, and 
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2. X is extremally disconnected for the only limit ae te 
: i imi i i € F and then 
i but F is a limit point of A iff A J 
is pce also, X is zero dimensional since the sets A U {F} 


are both open and closed. . 
X is clearly scattered, since no subset can be dense-in-itself, but 


= 3. : . 
since p was an arbitrary limit point of O, O must be open. Thus not discrete since the point F is not open. 
X is extremally disconnected. 
3. Any basis element AU {F} has as a limit point every ultra. 115. Nested Rectangles Py 
filter G which contains A as an element, for if B € Gand A € G, In the Euclidean plane, let L, designate 
then ANB # 8,0 BU IG} AAU {PF} 2. S0if BCA, the line x = 1, Le the line 2 = — 1, and 
BO {Fj contains all ultrafilters which contain B, which means R, the boundary of rectangles centered 
that BU TF} is not contained in AU {F}. Thus X cannot be at the origin, of height 2n and width 
Ts, 80 it is not zero dimensional, Inf(n +1). Let X = L,U a caer 
; ‘i lo; rom the 
4. X is scattered since it cannot contain any nonempty dense-in- and let X inherit the topology 
itself subsets. For no dense-in-itself set can contain a point of Z+, Euclidean plane. ' 
yet no point of AJ can be a limit point of a subset of Af. In fact, 1, X is not locally connected since no 
2* is discrete, and in the induced topology, so is M. Clearly M is point on either L, or Lz has a con- 
an infinite subset of X with no limit point, so X is not countably nected neighborhood. . . 
sien ee 2. Each rectangle R, is both open and closed in X, so X — U Ra 
5. Since every open set in XY contains an integer, Z+ is dense in X ; is also open and closed. Thus Li U Iz = X — UR, is a quasi- 
Thus X is separable. But M is uncountable, so the collection of iB 


component of X. But Z, is a component of X, since it is connected 


all open sets AU {F} where F € Af js an uncountable open and no larger subset of X is connected. 


covering of X which has no countable subcover. Thus X is not 


Lindelof. 116. Topologist’s Sine Curve 
6. Since X is extremally disconnected it is totally Separated, and gee. as 
thus Urysohn. 117. Closed Topologist’s Sine Curve 


7. The direct sum of X with (2+), the Stone-Cech compactifica- 
tion of the integers, is extremally disconnected, but neither zero = sin (1/x) for 0 < x < 1, considered as a 
dimensional nor Scattered, since both spaces are extremally dis- Let S be the graph of f(a) Je eer induced topology. The topol- 
connected, but one is not zero dimensional and the other is not subset of the Euclidean plan vhich we will denote by S*. 
scattered. ogist’s sine curve is the set SU ((0,0)} which y 


118. Extended Topologist’s Sine Curve 


114. Single Ultrafilter Topology 


Let X = Z+U {F} where F is a nonprincipal ultrafilter on Zt, We 
take as a basis of open sets all sets of the form A U {F} where 4 € F, 
together with the Points of Z+, | 


1. X is Hausdorff for clearly any two points of Z+ may be separated, 
while if z € Z*, then since F is nonprincipal, {2} ¢ F; thus 
(2+ — {2})U {F} is a neighborhood of F disjoint from the open 
set {2}. 


138 Counterexamples 


L. 


tw 


or 


S* is not locally compact, since the 
Point (0,0) has no compact neigh- 
borhood. For any neighborhood N 
of (0,0) contains a set AMS, 
where A is a disc centered at the 
origin of radius e. ‘Then any horizon- 
tal line passing through, say (0,€/2) 
intersects A S* in a sequence of 
points which has no accumulation 
point in N. So N cannot be count- 
ably compact, and thus not compact, 


The map f: {-t}U (0,1) > S* de- 
fined by f(—1) = (0,0), f(x) = 
(z, sin(1/z)) for € (0,1) is continuous, so the continuous image 
of a locally compact space need not be locally compact. 


¥ <1}, is compact, being closed and bounded, as well as con- 


nected set (0,1). Since § = £((0,1}) is connected, and § C s* CS, 
S" is also connected, 


Clearly neither §* nor S ig locally connected, But any continuous 
function from the locally connected compact set (0,1] to the 
Hausdorff Space S* (or S) must have a locally connected and 
Connected image. Thus no path can join the point (0,0) to (47,0) 
in either § or S*, so neither Space is path connected. 


S§ has two path components, § and L = {(,y)|-1 Sy}. 
Though Lis closed, S is not; but § is not path connected, though 
Sis. Similarly, S* has two path components, S and {(0,0)}. 


The extended topologist’s sine curve T=SU {(z,1)|0 <2 Sy 
18 are connected, but not even locally connected. 


119. The Infinite Broom 


120. The Closed Infinite Broom 
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In the Euclidean plane, the infinite broom 
B is the union of the closed line segments 
joining the origin to the points {(1,1/n)|n 
= 1,2,3, . . .} together with the half-open 
interval (3,1] on the z axis. The closed 
infinite broom is then 8, the union of B 


and the interval (0,1). 


Bis connected since the line segments through the origin all have 
a common point, and every open set in the plane which contains 
(2,1] intersects these line segments. Thus B is also connected. 


Neither B nor B is locally connected since every small open 
neighborhood of the point (7,0) has a separation. 


Clearly B is are connected, yet B is not even path connected, for 
any path connecting a point of (4,1] to a point off the x axiy 
would be a continuous map from a locally connected compact 
space (namely [0,1]) onto a Hausdorff space which was not 
locally connected (namely (0,1). 

A more interesting infinite broom may be formed by joining a 


sequence of closed brooms end to end as pictured. Since no open 
set containing the point (0,0) is connected (except for X itself), 


w 
Old 
wl 
ni- 


this space fails to be locally connected at the point (0,0) even 
though this point has a basis of open sets whose closures are 
connected 
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121." The Integer Broom 


Let X be the set of points with polar coor- a 
dinates {(n,6)} in the plane #? where n is 

@ nonnegative integer and @ € {l/njP 

U {0}. We define a topology r on X by . 

taking as a basis of open sets all sets of the ° 
form U x V where U is an open set in 
the right order topology on the non- 
negative integers and V is open in 
{0} U {1/n}? in the topology induced 
from the reals. The only neighborhood of 
the origin is X itself. 


* 
oe 
ooo 

oo @ 
. 


1. X is clearly To, but neither T, nor T2; (X,7) is compact since the 
only open set containing the origin is X itself. 


2. X is not locally connected since (1,0) does not have a basis of 
connected neighborhoods. 


3. Since X is countable it is not are connected yet it is path 
connected for the function f: [0,1] > X which maps the interval 
{0,3) to the point (7,6), (2,1) to (2,62) and the point } to the 
origin is a path Joining (7,6) and (2,62). 


122. Nested Angles 


Let X be the subset of the plane 2 consisting of line segments joining 
the points (0,1) and (2,1/(n + 1)) for n € Z*; the half-lines y= 


V/m+bD,n€ 4+, x <n; and the line y = 0. We give X the induced 

topology. 

1. X is the closure of a family of (bent) lines with the point (0,1) 
in common. Hence it is connected. 
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2. Since X is a closed subset of E? it is locally compact, but it is not 
compact since it is not bounded. 


3. The set X — {(0,1)} is not connected; in fact, each angle and 
; the x axis are components. So, in particular, X is not locally 
connected. 


123. The Infinite Cage 

The infinite cage X is the union of three types of sets: 
A, = ((1/ny,0) € Rly > 0}, 
B, = {(0,y,0) € R2n —4 <y < 2n4+ Fh, 
C, = {@y,z) © BO <2 < 1/n,y = In, 2 = a(I/n— z)}. 

We define X to be U (A,U B,UC,) and give it the induced 

n= 
Euclidean topology. 


1. IfD, = A,UB,UC,, (D,) is a collection of pairwise disjoint 
closed connected subsets of X. 


2. The cage X = UD, is itself connected, for suppose Y,Z were a 
separation of X. Then each of the sets Y and Z must contain 
entirely each D, which they intersect. So at least one of the sets 
Y or Z contains infinitely many of the sets A; suppose it is ¥. 
Then Y must also contain UB, since any point of B, is a limit 
point of any infinite collection of A,, hence each D, CY. But 
this means that Y = X. : 


142 Counterexumples 


124, Bernstein's Connected Sets 


Let {Cala € {0,T)} be the collection of all nondegenerate closed con- 
nected subsets of the Euclidean plane R? well ordered by T, the least 
ordinal equivalent to ¢, the cardinal of the continuum. We define by 
transfinite induction two nested sequences {Ajacr and {Balacr such 
that A, Bs = © for all pairs e, 8. 4, and By are merely distinct 
singletons selected fron: Ci; if {Ag}acg and {Bajace have been defined, 
the cardinal of U (AU B,) is less than ¢, but card Cy = ¢, Thus we 
<A 


can select points apbe FE Cg ~ U (A. U B,), and define A, = fag} U 
acp 
(U A,), By = {os} UCU Be). Let A = U Ag and B= 2? — 4, 
ax a<p acr 
1. A and B are clearly disjoint subsets of /22 containing UA, and 


UB. respectively and any nondegenerate closed connected sub- 
set of R® must intersect both A and B. 


Every open subset of 22 contains some nondegenerate closed 


connected set, so must intersect both A and B. Thus both 4 
and B are dense in R?. 


3. Suppose A Were separated by the disjoint open sets U and V; 
ANU SZ, ANY x @, AC(UUYD). The complement 
inRof UUYL Separates the plane, so must contain 
erate closed connected set C. But the 
though CCX — 4. This contradi 
similarly, B) is connected, 


a nondegen- 
nl would intersect even 
ction shows that A (and, 


125. Gustin’s Sequence Space 


by 0), Z+ is, as usual, the positive integers, and IV is the collection of 
all unordered pairs (that is, all subsets of size two) from Y. Now if a 
and B are arbitrary finite Sequences, we will denote by af the sequence 
formed by adjoining 8 to the end ofa, bya > iy € Z*) the condition 
thata > 7 for alla € a, and by 8D; athe existence of a sequence y > 7 
or any sequence a, let Uda) = (BE Y(8 D; a}. 
Before defining the topology on_X, we select some one-to-one corre- 
spondenee p between the countable set IV and the set of positive prime 
numbers. Then we define g: (2+ & W) 3 Zt by g(n,w) = [p(w)}*. 
Finally, we define the topology 7 on X by selecting the set Ua) as open 
neighborhoods of the point a &€ Y, and Vi(n,w) = {(n,w)} U 
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U,(aq(n,w)) U_U.(8q(n,w)) as open neighborhoods of the point (n,w) = 
(n,{a,8}) © Z* x W. 


1. (X,7) can be shown Hausdorff by a straightforward penne 
tion of cases. If a,8 © Y, a ¥ 8, then we can find an in aa 
larger than any term of @ or 6. Clearly Pate) oe ri i 
Suppose y € Y and (n,w) = (n,{a,8}) © Z+ X W; se es : 
integer m. greater than every term of the ee Y, aq’ ie : i 
Bq(n,w); then Un(y) VV n(nw) = Z, for y, aving an io 
number of terms can never equal aq(n,w) or Bg(n,w) since ‘ 
each have an odd number of terms. Finally, if (ex) = ae 
and (im,z) = (m,{y,6}) are distinct points in (Z+ X IW), seen 
an integer ¢ greater than any term in ag (nw), ica dha ao 
8g(m,z). Then V,(n,w) could intersect V(m,z) only i hag ties 
points ag(n,w) or Bq(n,w) equaled one of the cake Kas za 
6q(m,z). But this could happen only if g(u,w) = q(m,z), al 
would mean (n,w) = (2,2). 


2. If Uy) is a neighborhood of y € Y, let ZG) = {(,(a,B}) € 
7 Z* X Wlag(nyw) Diy or Bg(nw) D; 7}. Then Seen Sven, 
point of Z(iy) is a limit point of Uy); in fact, Uy) = 
Udy) U Zar). - 
3. If ¥,8€ ¥, Ziv) 0 2,8) # & for all aj 7 a Laeete: 
i i i) = suc ‘ 
because we can always find a point (nw) ao a, pane 
q(n,w) > max (1,7), and a D;-y and B Dis. Thus every tw ante 
joint open sets in (X,7) have closures with nonempty intersec- 
tion. This shows that (X,r) is connected. 


4. Let X* = YU ((n,{e,0})|n € a ae 0}. Then sine: ae 
tively open neighborhood of a point in X* is open na oe 
an argument similar to that given above shows that 2 = ee 
connected. But the point 0 € Y is « dispersion point or X*, 
since X* — 0 is totally disconnected. 


126. Roy's Lattice Space 


127, Roy's Lattice Subspace 


Let {Cj 2, be a countable collection of disjoint dense pers My Ba 
rationals Q; we construct the space X by joining to {(r,2) par aarial 
r © Cf an ideal point w. Neighborhoods of the points * pa eee 
(7,2n)—that is, of points on the even numbered lines—ar 


open intervals U.(r,2n) = {(1,2n) | |t — rl < e}. But a neighborhood of 


lH 
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Counterexamples 
short intervals around the points with disjoint closures. Salas 
More X°* is not regular since the neighborhood Ulr,2n) cae 
cotitain any closed neighborhood whatsoever. Thus X° is n 
zero dimensional. oe 
i i i it is dense-in-itself; thus 
3. X* contains no isolated points, so i ‘ 
= SS eel aaa : Se is it extremally disconnected for ise 
eee is not open since it contains points of the form eieeies an 
ee (t,2n — 1) but does not contain any of their neighborhoods. 
ier were » ; ; 
: 7. If V.(7,2) is a neighborhood of the point (7,2), i ree 
: fi of vhich are interi oints of V,(r, 
@ point of the form (r,2n — 1) is a stack of three open intervals points of the form (s,1) which a ee . 
Vir2n — 1) = {(t,m) | lb~t] <6 m= Qn 2, 2n-— 1, Qn}. Thus ¥'.(7,2)° » V.(r,2), so X is no 
\ basis neighborhood of the point w consists of alll lines numbered > 
2n:Walw) = {(s,2)  X li > 2n}. These neighborhoods form a basis 128. Cantor's Leaky Tent 


for a topology 7 on the countable set X. The subspace X¥ — {wo} will be 
denoted by X°. 


129, Cantor’s Teepee 


1. Any closed set containing an even numbered line must contain 


i iti 1]; let p be the 
Let C be the Cantor set situated on the unit interval [0,1]; let p 


C with 
both adjacent odd numbered lines since every neighborhood of point (3,3) in the coordinate plane. Let X be the cone over 


every point on the line {@,2) © Xk = an — 1} intersects the 
lines {(r,7) € X|i = 2n} and {(7,1) © Xz = an — 2}. Similarly, 


vertex at p. That 18, if L c) denotes the line segment joining p to the 
ointe € C, X = Vi A Cc}. enotes the subset of C con- 
pi % L E lf Ed hi b: 


+ 5 : ‘ denote the 
every open set containing an odd numbered line must contain sisting of the endpoints of the deleted intervals, we let Xz 


both adjacent even numbered lines. 


iS) 


Then 4 contains a neighborhood U = {(7,t) E Xf > 2n] of w. 
Since A is closed, it must contain the next lower odd numbered 


and thus all of X. Thus X is connected. 


3. The ideal Point w is a dispersion point of X » for X* = X — fo} 
is totally separated and thus totally disconnected. For whenever 
(7,2) and (8,7) € X*, wherer < 8, We can find an irrational num- 
ber ¢ between r and s which yields a separation of X: {@) € 
X|r < t} and {(r,7) © X}r > q}. 


where Q denotes the rationals, 


. { =C-— Xx 
cone over EF: Xz = U{L()le € pages z cee Qi, 
: ver F, Then we define Yx = {(z, 
Suppose A is an open and closed subset of X which contains w. denotes the cone over 


P 


° 1 


Yr = {@y) © Xely ¢ Q}, and 


B he induced Euclidean topology. 
4. Since X* is totally separated, X* must be Urysohn; but since ¥ Y = Yg Y-r. Both X and ¥ carry tl 


is connected and countable, X cannot be Urysohn since the 
image of X in [0,1] would be connected and countable, which 
is impossible, unless the image is one point. 


or 


However, X is completely Hausdorff, since no two points in X 
have the same first coordinate. Thus we can find sufficiently 


1, ‘To prove Y connected we consider a eur ae 
: ‘ 
€ A. We will show that for some dense se 
an the points of Y which lie in the cone over S (except a se 
which y = 0); thus A = Y. For each c € C, we let U(c) be the 
a ) : a 
least upper bound of BC L(c); if BC L(c) = @, weletl(c) = ¢ 
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Then l(c) ¢ Y unless Uc) = ¢, for otherwise it would be a linly 
point of both A and B. Furthermore, (c) = ¢ can be in Ye 
YeWY, only if it is in Ye, or equivalently, in E—for they 
coordinate of L(c), namely 0, is rational. ‘Thus for each ¢ € G 
either l(c) ¢ Y, or l(c) =e € Yx. 

Let S= (c € Fle = Uc)}, and let 7; = fe E C[L(c) On 
* @} where, if {ri} is an enumeration of the rationals iq 
3], Hi = {@rd@ = (z,r,) for some ¢ € FY. Each TT; isa 
closed, bounded subset of the line y = ri, and 7’; is the continuouy 
Projection through p of H; so each T; is closed. Furthermore, 
Ae L{e) = & for every ¢ © # and each 7 > 0, for if (xy) € 
Ti L(c) where ¢ € “yy is rational and (ay) & AT 
(ry) E Ye CY = AUB. But H;C AA B80 Hit\ Lec 
ANB AAUB) = g. 

Thus each 7; C Fy soif T = UT, F=SU T; for ife € F, 
U(c) must be rational—since otherwise l(c) € Yr CY, whichis 
impossible if ¢ € /’, ThusC=KUSU T, where C is a com. 
plete metric Space, # is countable and each T; is nowhere dense 
in C since 7, = T., and the interior of 7; in C jg empty (other- 
wise we could find an open interval U such that UNCC 
T; C F; but in each such U 1 C' there must be a point of E). 
So FU T is of the first category, but C is not. Furthermore, no 
open subset of C is of the first category in C, so each such set 
must contain a point of S = C¢ — (EU 1); thus S is dense in (, 

Now suppose g € B; then, since S is dense in C, every open 
set containing q¢ intersects «segment of L(c) for some ¢ € S. 
But by definition of S, the set ¥ A (L(c} — fe}) is contained 
in A whenever c €S; thus g € A,so A = y. This proves that }' 
is connected. 


The point p = (3,3) is a dispersion point of Y, for each point of 
b ar at ee tp} isa component of Y*, For suppose A is a con- 
nected subset of Y’, then clearly A must lie entirely within one 
line L(e), for otherwise some line through p would separate A, 
But Le) A ¥* ig totally disconnected, su A can contain at must 
one point. 


But Y* is not totally separated, for the lines L(c) are the quasi- 
components of Y*. To sce this we observe that each line L(c) ig 
the intersection of Cones over certain intervals containing ¢ which 
are open and closed in Y*, Furthermore, each open and closed 
set A containing a pointr © L(ce) A y* must contain L(c) A) ¥* 
since otherwise there would be a point q © LO) MN ¥* and a dise 
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Bq) in the complement of A. Assume 
that ¢ lies above r in L(e); a similar 
argument holds if ¢ is below r. We 
can then find an interval (s,t) contain- 
ing c such that the cone T' over (s,t) 
is open and closed, and separated by 
Bq). Then that part of ANT 
which lies below B.(g) is an open and 
closed subset of Y* whose complement 
together with p is a open and one 
subs Y. But this is impos: . 
cae connected, so A must contain all of L(c) 0 Y*. 


Clearly Y contains no nondegenerate compact connected proper 
subsets so is punctiform. 

5. Since no point of Y* is isolated, Y* is not scattered. . 
The direct sum of Y* with modified Fort space is totally dis- 


connected but neither scattered nor Hausdorff, since sari 
Fort space is scattered and totally disconnected but no 


Hausdorff. 


130. A Pseudo-Arc - = 
By a chain ® in the Euclidean plane we will mean a poe ars : 
eee sets {D,}} (called links) such that DOD; = Bi oe is 
A pseudo-are joining two points a,b in the plane cy See) 
sulting from the following inductive construction. Le F 
quence of chains such that 

i set in D; is less than 1/2. 
i) The diameter of each open set in D ‘ ‘ 7 : 
a The closure of each link of D,,; is contained in some ae pee 
iii) Disi is crooked in D,, that is, if Di, D,! © D,,, wi ae 
” cn pi C Dj, Di C Dj with |k — hl > 2 then there exis: 
pit! Dit E Digit with m<s <t <n such that ae is i 
tained in a link of D; adjacent to Dj; and similarly Dj+” is ¢ 
tained in a link adjacent to Dj. : _ be 

(iv) @ is in the first link of each chain 9, and b is in the final link 
of each chain. 


If D7 = U Dj denotes the set of all elements of elements of D,, then 
E ‘ j 
X = (9; with the induced topology is a pseudo-are. 


I, Since X is an intersection of closed sets, it is closed. Since each 
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element of , has diameter less than 1 
t at and Q, has only 
many links X C 9,° is bounded. Thus X is ohne — 


3. x contains no decomposable subcontinuum, that is, X is 

aed indecomposable. Let Y CX be any she chiis cs 
let be the sum of two distinct proper subcontinua 1 and K,, 
Then there are points p © Hf, ¢ © K and an integer j sich ia 
the distance from q to H and p to K are both greater than he 
. 2 7 ‘7 . 4 
Diy. , DF, Di} be Ratt a ae ee 

P to q. Without loss of generality assume p € Dj. Then Di 
ee 


beanies Di_, contains no point of H but some point of K 
aed Since ‘Oj41 is crooked in 9; there are links D/+# D1, pps 
with 7 <s <1¢ such that D3" C Dj,, and D+,” pan an 
t hay 


oH : F 
Thus D?#" contains no point of K but both Di and DF must 


contain points of K. Since r <s 
: poi : <ik ! 
Thus FY is indecomposable. canna eerie 


131, Miller’s Biconnected Set 


Let C be a nowhere dense perfect set contain 
and let VW = C x J C R*. Let K bean ind 
that KA]? = yw. The space 
as follows. Let © be the set of 
ee ropes K, and D the set of subsets of a 
subset A of K which are themselves dense in i i 
sted the interior of so f 

Teen with edges parallel to I? which intersects W’. Let C1, Cy C. Ce 
hel 2 - bea well ordering of the elements of @ where th baad 
ess than the first ordinal 2 of cardinality ¢. Likewise let B, 


Bete imi 
; and Dy... , Da... be similar well orderings of @ and 9 


respectively. For each + - i 
wait wi cha < Qdefine Af, C K and a simple closed curve 


4 
€ @ are ordinals 


(69) Ma = p, © BANK if BLA 
a a a a af A= &: 
a Me= SifBeNa ¥# gD; a 
iii) For ordinals u # and AM, Af 
pias mune wilh #~ O, M, and M, belong to 
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{iv) J, separates K; 
(v) Ja (4 — Da) = Ja VM = & where M = U M,. 
a<@ 


We define the space X to be the set A\U M with the induced topology 
from R?. 


1. To show that X is connected, we first note that X is a subset of K. 
Now if U and V are open sets in R? such that X C UU V and 
XU and XV are disjoint, then X \ U and XO V are 
separated sets in R? which is completely normal. Thus there 
exist disjoint open sets U’ and V’ which separate X. So the 
complement of U’U VY’ contains a continuum which separates 
K. Thus by (i) we have a contradiction to X C UU V.So X is 
connected. 


2. Now by (i) and (ii) Af, is either empty or a singleton. Since A is 
countable, (iii) implies that no composant of K contains a con- 
nected subset of A/ for any such set is uncountable. Now if N is 
a connected subset of X such that N is a proper subset of K then 
N is a proper subcontinuum of K and hence lies in some compo- 
sant so N also lies in the same composant, a contradiction. So 
the closure of N in X is X, which means that every connected 
subset of X is dense in X. 


3. Consider the family of sets X ( B,. We now show that there 
is no set containing at least one element of each X (1 B, which 
does not contain all of X (\ Bg for some 8. Let Q be any set which 
contains a point of each X () Ba. Then since X is dense in K, 
(iv) implies that Q has a point in every set X OJq, for Ja is a 
continuum which separates K and thus any dense subset of K. 
By (v) and the choice of the D,, Q° = QA(U (XN J,)) is 


dense in W. In fact since JM = @ we know Q* CA so 
Ja(\ Da ¥ @ for every a, which implies that every neighbor- 
hood of a point of W’ intersects Q*. Since Q* C A and is dense 
in TV for some 8, Q” D Ag. But by (v) X ON dg = Ag OJ so Q* 
and thus Q contains XY O J,. 


4. By using the preceding results, we can now show that X is bi- 
connected and contains no dispersion point. If X were the union 
of two disjoint connected sets X; and X2, X, would be dense in X 
since it is a connected subset of X. Hence X, intersects X (\ Bz 
for every a; since any set with a point in each X ( B, contains 
some X (\ Bg, X) must contain some particular X (\ Bs. But X2 
must also have a point in every X 1 B, thus in particular in 
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XN Baso X10) X: # &. Thus ¥ is biconnected., Now if ¥ “i 
is disconnected for any point p, say X — P=YUTw 
YOY: = isa separation, then ¥, U {p} is connected 
not dense, a contradiction. So Y can not have a dispersion pos 
132. Wheel without Its Hub 


Let X be the closed unit dise in R? minus the origin. The topology ¢ 
for X is generated by adding to the induced Iuclidean topology a 
open intervals on the radii contained in the open unit dise. 


1. X is connected because it is the union of radii homeomorphie u 
(0,1) all of which intersect the connected unit circle, 


2. Furthermore, X is are connected for we can obtain an are be 

tween two points by running out along the radius con 
the first point, along the cireumference to the radius con 
the second point, and in along this radius ty the secon 


taining 
taining 
d point. 
3. The Euclidean length of the shortest arc between @ and } can 
be used to define a metric on X; by convention we declie 
d(a,a) = 0. The topology determined by the metric d is precisely 
7, and d is a bounded metric with bound 2 +r. 


4. As in the order topology, every point is a eut point, for if pis 
any point of X, then the open radial Segment connecting the 
origin to p and its complement give a separation of XY — {p}. 


But the topology on_X is not the order topology for any linear 
order on X, Assume that it is, and Suppose a <b <¢ where 
a,b,c belong to the circumference (. Then since C cont: 


or 


133, Tangora’s Connected Space 


Let X,¥,Z be mutually disjoint and exhaustive dense subsets of the 
real line R, for example, the diadie rationals (those of the form m/2"), 
the remaining rationals, and the irrationals. We expand the Euclidean 
topology on R by adding as open sets X,Y, and sets of the form 
{2} UfwexXxU ¥ | Iw ~ 2| < 8} where z € Zand i> 0; X, Y, and 
@ then inherit the subspace topology. 
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!. With the above topology X and Y are totally disconnected since 
; their topology is an expansion of the Euclidean topology in which 
such sets are totally disconnected. Z is clearly discrete. 


2 A= YUZand B= XU Zareclosed being complements of X¥ 
and Y respectively. Moreover, every point 1 € X gives a separa- 
tion, {a © Ala < x} and fa € Ala > x}, of A. Likewise points 
of y give separations of B. Su A and B are totally disconnected. 


3. The space R = A U B is connected in the above saad . 
though it is a union of two closed totally disconnected su 7 ‘ 
For suppose C,D is a separation of R where some point 0) : 
is less than some point d © D; let p = Lawb. {e © Cle < dj. : 
p isin X or Y we obtain a contradiction since c and D are bot! 
open and hence whichever one contains p contains an open ie 
val of X or Y about p. Likewise, if pe Z, whichever pad . 
or D contains p contains an open interval in X UY about p, 
again a contradiction. IIence A U B is connected. 


134. Bounded Metrics 


If (X,d) is any metric space we define new metrics for X by 6= 
d/(1 + d@) and A = min (d,1). 
1. That é is indeed a metric follows from the following proof of the 
triangle inequality : 
¥,2 a(x,y) + diyz 
1 nor 1 fuel — t+ d(z,y) + dy,2) 
= [ld@y) + dz) + 1 > [la@a) + 1 = a(x,2). 
2. Since d = 6/(1 — 8), the metric 4 is equivalent to the fence 
metric d, for any open ball in one metric contains an open ba 
in the other metric. 


3. The metric 5 is bounded (by 1), but the space (X,6) Sera a 
totally bounded. Suppose, for instance, that (X,d) is the ge 
line with the Euclidean metric. Then Bs(x; 6) = {yl8(a,y) < a 
ful iz — yl <e/(1 -— ))} = Balas 6/1 — 6). Clearly for small e, 
no finite number of such balls can eover the real line. 


4. By iterating the process by which we derived 6 from d, sae Ka 
produce a sequence of equivalent, bounded metrics {d,}, relate 
by daa = d,/(1 + da). 


5. Ais also bounded by 1, and is a metric for X since min (d(z,y),1) 


fo. (COUN ferexamples 
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S min (zz) + d(zy),1) < 


Clearly A is equivalent tog min (d(z,z),1) + min (ale 


i ; nce they agree for all small 
~ If (X,d) is the real line with the Euclidean metri Let Y be the set of strictly increasing infinite sequences of positive 
Ba(0,1) is the interval (—1,1). Its closure Oe ee integers such that 8((z,)) = fim N(n,x)/n exists, where N(n,2) is the 


the closed ball {2{A(0,2) < 1} equals X, 


k Duncan’s Space 


munber of elements in the sequence x = (z;) which are less than n. 


7. Any bounded metric on a to i A(r) will be called the density of the point z © X. We then define a 
define the Fréchet ; Pological space X can be used ; metric on X by the condition d(z,y) = k(z,y) + |8(z) — 4(y)| where 
fe metric on the product space X% = I ; K(zy) is the least integer x for which z, # yn; if 2 = y, we set 
Ww. Ps eA . 2 
oe if pres ae yields the Tychonoff product ty a 
uct metric to be Pei a Ms , ae simply define the prod 1. To verify that (X,d) is a metric space, we need only check that 
22-8(2a4). The topulogy of (XS atta ye’ gli d(ay) < daa) + dy). Certainly k(x,y) > min {k(@2), k(@u)}, 
Tychonoff_ product topology by a ) can be shown to be the and the triangle inequality for real numbers shows that 

neighborhoods, By by a direct comparison of basis: ]8(z) — 8(y)| < 16(e) — 4(2)| + 18(2) — a(y)|. The triangle in- 
8. If (Xd) i ; equality for d now follows trivially. (Note that d is a bounded 
od) is the real line with the Euclidean metric metric since k(x,y) > 1, and 0 < 8(a) < 1; thus d(z,y) < 2.) 
” 


4 special metric by we can defing 


2. Xisasubset of Z2, but the topology 7 on X is not the same as the 


o(z,y) = isn eon Hs | subspace topology ¢ induced from Z2. But since the Baire metric 
Hero} Fhep 1+ ly) p(x,y) = 1/k(2,y) yields the topology «, and since p(z,y) < 
eroic but straightforward calculations ean be d(z,y), we have o C r. Thus the topology on X is an expansion 


that o is indeed a metrie used to verify of the induced product topology. 


on X, and that it yields the Euclidean 


the positive tie ta Cr al id alla,y © X, But in (X,o), 3. Each projection map 7,: X — Z is continuous on (X,9), there- 
In — m|/(1 + Inf) + {m) eed Y Sequence since o(n,m) = fore also on (X,r). So any compact subset of X must project to 
no limit point in XY, so (X, ) fe uree this Cauchy sequence has finite subsets since only finite subsets are compact in Z. But 
, »7/ 18 not a complete metric space. every open metric ball B will have some 7,(B) which is infinite, 
135. Sierpinski? e for sufficiently large n. This can be seen by observing that 
Tpinski’s Metric Space d(z,y) < «means that the sequences z and y agree in their initial 
IfX = {ald = 1,2,3 hi terms, and ultimately have densities which are approximately 
L+ W/G +3) for is a Bs sa countable set, the function d(z,,2;) = equal. Thus no open subset of (X,7) can be contained in a com- 
J Uzist;) = is a metrie on X. “— pact set, so X is neither locally compact nor compact. 


1. Since {y € X|d(z. 
4 WY) <4} = tra} Hh poate gee « 
the topolog J, each point in X is o * : 
Y generat ‘ Spa pen. So : X=U Y.wh h Y; ise t. Let m(n,k) b 
fopclony g ed on X by the metric ¢ ia tha dence, 4. Suppose x Ye where each Y; is compact. Let m(n,k) be 


the greatest integer in the finite set +,(Y:). Certainly. there 


(X,d) isa complete metric space, since all Cauch exists in X a point (x,) where for each 7, 2; > m(#,i); such a point 
eventually constant. ‘ auehy sequences are would be in none of the sets Y;, thus our supposition is unten- 
3. Let 8, = {ye XldQy,a. able. Hence X is not o-compact. 


o) S14 1/2n re 

Tnt2) « ds so [S,] is a nested on Si = {ta Tat, 5. The set of all finite sequences of integers is countable, as is the 
intersection, MS,, is empty. Of eotirse thi closed balls whose set of all arithmetic sequences. Thus the set of all 2 € X of the 
€ radii of the sets S, form (x1, 22. . +) 2ny Eagty «+ -) Where (2a41, Tn42, - + ») 1S an 


converge to 1, not to 0 
arithmetic sequence is countable. Furthermore, the collection of 


OS EMEAEECTONAT AD ICs: 


all finite unions of such s i 
eh sequences is clearly dense jy \ 
separable. ge of 


6. Since Z7 ig totally Separated, so is (XY, »o) 
But no point in (X,7) is isolated, so 
not scattered. Since X is metrizab) 
extremally disconnected. 


and therefore also ( 
X is dense-in-itself and 
le but not discrete, it is g 


137, Cauchy Completion 


- ¢ yd) - 4 metric space, we let _Y* be the set of all equivalence els 

‘ a Y Sequences where the sequence {2x,} is equivalent to ty ia 

Jim (iYn) = 0. We define on Xn inetric d® by Wary « 
: a, 


Tim da, there {2x} j 
itn: Yn), where fa} is any element in the equiv: 


is alence class ? 
and similarly, fy} € yf". 


L Yeas ise Ta he, 
abe metric space (X*\i") is complete, for if fe,"} is a Cane 
sequence in X°, and if for each n, {2; nbisa representative 
quence in the equivalence class 2z,*, then the diagonal salle 


{x } is a Cauch sequence, and its equivalence ¢ 
nya ‘q 
y seq q en lass, ZT, Is the 


2; The mapping f: X¥ — y* which takes each 
equivalence class containing the constant sequence {2,2,2 ! 
Is a distance Preserving injection of X into x". That oe 


lle Eber : 5 
ne ee d(a,y). J(X), the image of f in X°*, 


point z € X inty the 


is a detse 


138, Hausdorff’s Metric Topology 


Let (8d) be a metric s 
i Q pace, and let X be the ¢ lecti 
ae closed subsets of S. Let f:8 x x a Grae 
5,B) = :¥ : 
inf. @(s,b), and let g:X XX — p+ be given by 9(A,B) 2 


sup S(a,B), and let 8(A,B) = may {9(A,B),g(B,A)}. (X,8) is known us 
Hausdorft’s metric space, 


1. + 
es eg one sés and B € X, f(s,B) = 0, we must have 5 € B 
since s would be a limit point of B. Thus if 8(A,B) 
nt ss A must belong to B and con 


=0, every 
versely; thus in this Case, 


2. Since d(a,b) < d(a,c) + d(c,b) for all a, b 


5 SS Wee hyaga: 
inf d(ab) < d(ae) + inf d(eb). Hence Sin 


a,B) < inf d(a,c) + 
Cc 
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inf {(B), 80 f(a,B) < f(a,C) + sup f(e,B). This then yields 
C 
sup (a,B) < sup f(a,C) + 9(C,B), or (A,B) < 9(A,C) + g(C,B). 
A 


‘Thus 5 satisfies the triangle inequality and is thus a metric for X. 


9. The Post Office Metric 


Let (X,d) be the Euclidean plane with the ordinary metric; let 0 be the 
origin in this plane. We define a new metrie d* on X by the formula 
d(p,q) = d(0,p) + d(0,q), whenever p,q € X, p ¥q; if p = q, we let 
(pq) = 0. 


1. dis v metric for X since clearly d*(p,q) = d(0,p) + d(0,9) < 
ad(0,r) + d(O,p) + d@,r) + d(0,q) = a(p,r) + d'(r,q). 


2. Every point but 0 is open since if p # 0, and if e = 3d(0,p) the 
open metric ball around p of radius ¢ is just {p}. Basis neighbor- 
hoods of 0 are just Euclidean open balls. 


3. Since each point of X — {0} is open, X is not separable and thus 
neither o-compact nor compact. Although each point of X — {0} 
has a compact neighborhood (namely, itself) 0 does not; thus X 
is not locally compact. 


4. The open metric balls around 0 are also closed, so X is zero 
dimensional. However X is not extremally disconnected since the 
closure of the open set B= {(z,y)ly > 0} is BU {0}, which is 
not open. But X is scattered, since every nonempty subset con- 
tains isolated points. 


140. The Radial Metric 


Let (X,d) be the Euclidean plane with the ordinary metric; let 0 be the 

origin in this plane. We define a new metric d* on X by the composite 

formula: 

0 ifp=q 

d(p,q) if p # qand the line through p and q passes 
through the origin. 

d(p,0) + d(q,0) otherwise. 


d*(p,q) = 


The metric d* corresponds to a model in which all distances are meas- 
ured along lines radiating from the origin. 


1. The metric balls around points removed from the origin consist 
simply of line segments lying on a radial path through the point; 


141, 


2: (x wT) is, like the radial Metric topolo 


in addition, Puints near 0 havea Ru hi i 
cluded in their metric balls, sane ero = 


Radial Interval Topology 


We &enerate g topology ; on 


1. Th is stri ' 
ine Tis strictly finer than the topology ¢ 8iven by 
a. dia) Metric on YX Since every Metric ball js in 7, but not 
y 7-neighborhood of the origin is a union of metrie balls 


completely normal. For 


It is clearly Hausdorff, and suppose ‘4 and B were Separated 


Subsets of X. Then if 7, 


- By. Thus there 
AML, and B Les clear eand VY, containing 
“a; clearly Uy, , Hata 

Subsets of x Containing 4 et B. “and Ve are disjoint open 


ee 2 not first Countable because it does not havea countable 

ses = at a Origin, Fop Suppose {U/,} Were such a basis 
eU, = &. Tf {0} is any so if. 

, f ny quence of an les, 

Is the middle half of the interval] Tj, and ot! eis aa 

=Ly 


an 
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then UV, is a neighborhood of the origin which contains no 
set U,. 


Clearly (Xr) is neither Lindeléf nor locally compact: no neigh- 
borhood of the origin has a compact closure. Similarly, X is not 
separable. 

NX is paracompact since each subspace Ly is paracompact. If 
{Ua} covers X, {U,7 Lo} has a locally finite refinement N@ 
(in which for each 8, a neighborhood of the origin 0 belongs to 
at most one of the sets Nz) so the collection {N3]0 ¢ NY} 
together with U{N8l0 € Ne} isa locally finite refinement of 
{U,}. 


X is not metrizable since it is not first countable. Thus, since it 
is regular, it cannot havea s-locally finite base. This can be seen 


directly by assuming U B, is a base for r, where each B; is a lo- 
t=} « 
eally finite family. This would mean that {U € VU BO € U} 
i=] 


is a countable local basis at 0, which does not exist, 


142, Bing’s Discrete Extension Space 


143. Michael’s Closed Subspace 


If 2 is the set of real numbers with power set P,weletX = 11 {0,1}, 
EP 


where {0,1}, isa copy of the two point discrete space. For each r € R, 
let x, be the point of Y whose Ath coordinate (t,), equals 1 iff r € A; 
let M = {2, € X\r © R}. (If we think of X as the power set of P, 
Af becomes the collection of Principal ultrafilters of R.) Now if X has 


the Tychonoff topology 7, 


X — M is clearly dense in X, so we may 


form the discrete extension o of r by X — Af, In (X,0), each point of 


xXx- 


AT is open, while each point of AI retains its r-neighborhoods. Let 


Y be the subspace af U F of (X,e) where F is the collection of all finite 
sets in Y — Ay, 


I, 


Since X — Af js open in (X,e), AL is a closed subset of (Xo). 
Asa subspace, Af inherits from 7, and thus from «, the discrete 
topology, since if a © M, and if \ = {r}, then mIVDAM = 
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6. 


m1(1) and 2,71(0) are disjoint open sets in X which contaig 
and M — L, respectively. 


Now (X,¢) is clearly Hausdorff, so to show that it is hornal gy 
need only find disjoint open neighborhoods for disjoint cloud 
sets A, and A». Let U; and U> be disjoint open sets in V y 

contain, respectively, A, \ M and A.M. Then (U; — pr 
(A. — AMD) and (U, — A\)U (Az — A) are disjoint OPCh seh, 
containing A; and Ay, respectively, ; 


Since X — Y C X — M, Y is closed in (X,¢). Thus, since (Yq 
is normal, so is the subspace Y. 


Neither (Y,0) nor Y is paracompact, since the covering by base 
sets has no locally finite refinement, for every neighborhoud of g 
point z, © A/ must contain infinitely many pvints of Y — y 
(or of F). 


(X,c) is not even metacompact, since some points of X — M 
will always lie in infinitely many neighborhoods of points of M, 
so the covering by basis sets has no point finite refinement. But 
Y, which does not contain all the points of X — A, is metacom. 
pact. For let {Ua} cover Y; select for each 2, € Ma neighbor. 
hood U, € {U,}. Then V, = {2 € U,|{r} € x} = U, Om) 
is open in Y, and {V,} is point finite. Thus the family {Y,} 
together with the singletons of F = Y — AM form a point finite 
refinement of {U4}. 


Since Y is normal and metacompact, it is countably paracom 
pact; but it is not paracompact. 


PART Iil 


Appendices 


SPECIAL REFERENCE CHARTS 


The next few pages contain six basic reference charts which display the 
properties of the various examples. The properties of a topological space 
have been grouped into six nearly disjoint categories: separation, com- 
pactness, paracompactness, connectedness, disconnectedness, and metriza- 
tion. In each category we have listed those spaces whose behavior is par- 
ticularly appropriate. We usually chose any space which represented a 
counterexample in that category or which exhibited either an unusual or an 
instructive pathology; occasionally we listed a space simply because it was 
so well behaved. 

Entries in the charts are either 1, 0, or -, meaning, respectively, that the 
space has the property, does not have the property, or that the property is 
inapplicable. Occasional blanks represent properties which were not dis- 
cussed in the text and which do not appear to follow simply from anything 
that was discussed. Examples are listed by number, and in a few cases the 
tables extend beyond one page in length. 
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Table I 
SEPARATION AXIOM CHART 
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Table II 


COMPACTNESS CHART 
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Table IV 
CONNECTEDNESS CHART 


Table III 


PARACOMPACTNESS CHART 
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Table VI 
METRIZABILITY CHART 


Table V 
DISCONNECTEDNESS CHART 
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PROBLEMS 


Section 1 


1. If {A,}2, is a countably infinite collection of subsets of a topological 

space, show that U A;C U A. 
i=1 i=l 

2. True or false: AV B = AM B. 

3. Show that the complement of an F, set is a Gs set, and conversely. 

4. Show that any space with an open point must be second category. 
What is the smallest second category space? 

5. Show that if for? = 1, .. . , n, C;is a closed subset of a topological 
space X, and f: X — Y is continuous on C; for all z, then f is continu- 

» 


ous on U Cj. Show that this result does not hold if one considers in- 


t=1 
finitely many closed sets. 
6. Show that a filter F on a set X is an ultrafilter if and only if for every 
two disjoint subsets A and B of X such that A U B € F, either A € F 
or BE F. 


Section 2 


7, Show that a space is T; if and only if every point is closed. 

8. Show that a space is T: if and only if every point is the intersection of 
its closed neighborhoods. 

9. Show that a space is T: if and only if every open set contains a closed. 
neighborhood of each of its points. 
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10. 


i. 
12. 


43. 


14. 


26. 


27. 


28. 


29. 


30. 


Appendix 


Show directly that every second countable regular space is completely 
normal. (Do not use any metrization theorems.) 
Show that ILX, is completely regular if each X, is completely regular. 
Show that every Urysohn space is completely Hausdorff. 

Section 3 
Show that every separable space satisfies the countable chain 
condition. 
Prove the following generalization of the Tietze extension theorem: 
any real-valued continuous function on a closed subset X of a normal 
space Y may be extended continuously to all of Y. 

_ Show that every fully normal space is normal. 

. Show that disjoint compact subsets of a Hausdorff space have disjoint 
neighborhoods. 

. Show that every paracompact Hausdorff space is normal. 

. Show that every o-locally compact Hausdorff space is normal. 

. Show that every locally compact Hausdorff space is completely 
regular. 

. Show that every Lindeléf T; space is paracompact. 

. Show that every second countable T; space is both Lindeléf and T;. 

. Prove Tychonoff’s theorem: the product of an arbitrary family of 
topological spaces is compact iff each factor space is compact. 

. Is the product of second category spaces always second category? 

. Prove that every open subspace of a separable space is separable 

_ Show that the countable Cartesian product of separable spaces is 
separable. 

Section 4 
Show that the following are equivalent: 
(i) X has no nontrivial separation 
(ii) X has no nontrivial subsets which are both open and closed. 
Show that the union of any family of connected sets with a nonempty 
intersection is connected. 
Show that if a space has just one quasicomponent, it must be 
connected. 
Show that every quasicomponent in a locally connected space is 
connected. 
Show that every countable T, space is totally path disconnected. 
Show that every zero dimensional space is Ty. 


31. 
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Section 5 


32. Show that every metric space is perfectly normal. 

33. Show that a metric space is compact if and only if it is complete in 
every equivalent metric. 

34. Show that every second countable space has a o-locally finite base. 


CouUNTEREXAMPLES 


35. Show that the indiscrete topology on a set (Example 4) is are con- 
nected iff the set is uncountable. 

36. Show that the uncountable particular point topology (Example 10) 
does not have a ¢-locally finite base. 

37. Show that the uncountable excluded point topology (Example 15) has 
a o-locally finite base. 

38. Show that the either-or topology (Example 17) has a o-locally finite 
base. : 

39. Prove that the finite complement topology on an uncountable set 
(Example 19) is second category. 

40. Show that the countable complement topology (Example 20) is not 
path connected. 

41. Show that the countable complement topology (Example 20) does 
not have a a-locally finite base. 

42. Show that the countable complement topology (Example 20) is second 
category by showing that a set is nowhere dense if and only if it is 
countable. 

43. Show that the compact complement topology (Example 22) is second 
countable. 

44. Show that the compact complement topology (Example 22) is not 
second category. 

45. Countable Fort space (Example 23) is metrizable since it is regular 
and second countable. Find a metric which gives this topology. 

46. Show that Fortissimo space (Example 25) does not satisfy the count- 
able chain condition and thus is not second countable. 

47. Prove that the real line R (Example 28) is a complete metric space. 

48. Show that the rational numbers are dense in the real line (Example 28). 

49. Show that a subset of Euclidean n-space (Example 28.9) is compact 
iff it is closed and bounded. 

50. What can be said about the cardinality of connected subsets of R* 
(Example 28)? ? 

51. Show that the uniformity {Sa}o»er where Su = {(z,y)lz,y <b or 
x,y > a} is not the usual metric uniformity for the real line (Example 
28) but still gives the Euclidean topology. 


59. 


60. 


61. 


= 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 
70. 


Appendix 


. Prove that the Cantor set (Example 29) is zero dimensional. 

. Show that the metric d of Example 30.5 is indeed a metric for the real 
numbers. 

. Show that the rational numbers with the Euclidean topology (Exam- 
ple 30) are not topologically complete. 


5. The set of irrationals in [0,1] (Example 30) is topologically complete 


but not compact; thus it cannot be totally bounded. Show this directly 
from the definition of totally bounded. 


}. Show, without using the concept of compactness that (0,1) is not 


homeomorphic to [0,1] (Example 32.7). 


57. Show that no homeomorphism of 2 onto itself can map A = {0} U 


(1,2] U {3} onto B = (0,1) U {2} U {3}, even though A is homeo- 

morphic to B (Example 32.8). 
. Show that the one point compactification of the irrationals is second 
category, but not first countable (Example 34). 
Show that the one point compactification of the irrationals is not are 
connected (Example 34). 
Note that the one point compactification of the irrationals (Example 
34) is of course locally compact. Why should this be considered 
artificial? 
Show that the Fréchet product metric (Example 37.7) does indeed give 
the right topology for Hilbert space. 
Show that every separable metric space may be imbedded in Fréchet 
space (Example 37). 
Show that every connected order topology (Ixample 39) is locally 
connected. More generally, show that any connected topology on a 
linearly ordered set is locally connected provided it has a basis of 
convex sets. 
Ordinal spaces for countable ordinals (Examples 40 and 41) are 
metrizable. Find appropriate metrics. 
Show that open ordinal space [0,T) for fr < 2 (Example 40) is topo- 
logically complete. 
Give as many different reasons as possible why closed uncountable 
ordinal space (Example 43) is not metrizable. 
The extended long line (Example 46) is not path connected since no 
path can join any point to Q. Prove this. 
There is an obvious definition of sin 2xz for every x © L* the extended 
long line (Example 45). Why is this function not continuous? 
Show that the altered long line (Example 47) is not locally compact. 
Show that the altered long line (Example 47) does not have a o-locally 
finite base by showing that this property is preserved in open 
subspaces. 
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Prove that the lexicographic ordering on the unit square (Example 48) 
yields a perfectly normal topology. 

Prove that the unit square with the lexicographic ordering topology 
(Example 48) is indeed first countable. 


. Show that every right order topology (Example 49) is locally compact. 
. Show that the right half open interval topology (Example 51) is neither 


locally compact nor second category. 


. Show that the right half open interval topology (Example 51) is 


perfectly normal. 


. Show that the nested interval topology (Example 52) is not second 


category. 


. Show that the overlapping interval topology (Example 53) is second 


category. 


. Find an infinite subset of the interlocking interval topology (Example 


54) which does not have a limit point. 


. Show that the interlocking interval topology (Example 54) is not 


strongly locally compact. 


. Show that the interlocking interval topology (Example 54) is neither 


second countable, scattered, nor biconnected. 


. Show that the prime ideal topology (Example 56) is second category. 
. Show that the divisor topology (Example 57) is not fully Ts. 
. Show that with the divisor topology (Example 57), the positive in- 


tegers are weakly countably compact but not countably metacompact. 


. The evenly spaced integer topology (Example 58) is metrizable. 


Find a metric which yields this topology on the integers. 


5. Show that the integers Z with the p-adic topology (Example 59) are 


not extremally disconnected. 


3. Show that the relatively prime integer topology (Example 60) is not 


biconnected. Hint: first show that the prime integer topology (Ex- 
ample 61) is not biconnected. 

Prove the assertion (Example 63.7) that a subset of the countable 
complement extension topology is compact iff it is finite. 


. Show that the countable complement extension topology (Example 


63) is neither pseudocompact nor metacompact. From what other 
property of this space can you then determine immediately that it is 
not countably metacompact? 


. Prove that the countable complement extension topology (Example 


63) satisfies the countable chain condition. 

Show that Smirnov’s deleted sequence topology (Example 64) is sep- 
arable but not first countable. 

Show that Smirnov’s deleted sequence topology (Example 64) is 
connected, but neither path connected nor locally connected. 


& 
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96. 


97. 


98. 
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100. 


101. 


102. 


103. 


104. 


105. 
106. 
107. 
108. 
109. 
110. 
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Show that in the rational sequence topology (Example 65) every sub- 
set is a G; set. 

Show that the rational sequence topology (Example 65) is not 
paracompact. 

Show that for appropriate choices of sequences of rationals, the ra- 
tional sequence topology (Example 65) need not be T,. Is this topology 
ever T,? 

Discuss the rational sequence topology (Example 65) with regard to 
whether it is ever countably paracompact for any choice of sequences. 
Show that both the indiscrete extensions of # (Examples 66 and 67) 
as well as the pointed extensions of 2 (Examples 68 and 69) fail to be 
semiregular. 

Show that the indiscrete rational extension of R (Example 66) is not 
countably metacompact. 

Show that neither discrete extension of R (Examples 70 and 71) is 
o-compact. 

Show that the discrete rational extension of R (Example 70): is zero 
dimensional, but neither scattered nor extremally disconnected. 
Show that the discrete rational extension of 2 (Example 70), with the 
metric given in 70.3, is not complete. Is this space topologically 
complete? 

Show that the double origin topology (Example 74) is o-compact. 
Show that the irrational slope topology (Example 75) is not second 
category, 

Show the deleted diameter and radius topologies (Examples 76 and 
77) are arc connected. Hint: consider paths which contain no hori- 
zontal segments at all. 

Show that although neither the deleted diameter nor the deleted radius 
topologies (Examples 76 and 77) is second countable, the deleted radius 
topology is Lindeléf. 

Is the deleted radius topology (Example 77) metacompact? 

Show that the half-dise topology (Example 78) is are connected. 
Show that the irregular lattice topology (Example 79) is second 
category. 

Justify the global and local compactness properties of Arens square 
(Example 80). 

Show that the space developed in Example 82.9 from Niemytzki’s 
tangent disc topology is normal. 

Prove that Niemytzki’s tangent dise topology (Example 82) is neither 
Lindeléf nor o-compact. 

Prove that Niemytzki’s tangent disc topology (Example 82) is are 
connected. 


112. 
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114. 
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121. 
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126. 
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129, 
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Show that the metrizable tangent disc topology (Example 83) is arc 
connected. 

Is Sorgenfrey’s half open square topology (Example 84) countably 
metacompact? (Hint: publish this one.) 

Show that Michael’s product topology (Example 85) is zero dimen- 
sional, but neither scattered nor extremally disconnected. 

Show that Michael’s product topology (Example 85) is first countable. 
Show that Michael’s product topology (Example 85) is second 
category. 

Show that the deleted Tychnoff plank (Example 87) is locally com- 
pact but not Lindeléf. 

Verify that the Dieudonne plank (Example 89) does not satisfy any 
of the global or local compactness properties. 

Prove the assertion that ¥#(N ( X) C N which appears in the con- 
struction of Hewitt’s condensed corkscrew (Example 92). 

Prove that the weak parallel line topology (Example 95) is paracom- 
pact while the strong parallel line topology (Example 96) is not. Show 
also that both topologies are metacompact. 

Show that the concentric circles topology (Example 97) is not per- 
fectly normal. 

Show that the minimal Hausdorff topology (Example 100) is 
pseudocompact. 

Show that the Alexandroff square (Example 101) is neither perfectly 
normal nor separable. 

A metric space is compact iff it is complete in every metric. Z? (Exam- 
ple 102) is not compact though we describe a metric in which it is 
complete. Find a metric in which it is not complete. 

Why is the uncountable product. of copies of Zt (Example 103) 
neither countably compact nor Lindeléf? 

Show that the subspace Y of Helly space consisting of continuous 
piecewise linear functions, which take rational values on the diadic 
rationals (Example 107.3), is dense in Helly space. 

Show that the Boolean product topology on R* (Example 109) gives 
a space which is not Lindeldf. 

Show that the Stone-Cech compactification of the integers (Example 
111) is not first countable. 

Novak space (Example 112) is clearly not compact. 
cover with no finite subcover. 

Show that the strong ultrafilter topology (Example 113) is an expan- 
sion of the Stone-Cech compactification of the positive integers. 


Find an open 


. Show that the strong ultrafilter topology (Example 113) is neither 


locally compact nor first countable. 


145, 
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. Show that the single ultrafilter topology (Example 114) is perfectly 


normal and paracompact, but not locally compact. 


. Show that the integer broom (Example 121) is Ts. 
. The construction of Bernstein’s connected sets (Example 124) as- 


sumes that the number of closed connected subsets of R” is c, the 
power of the continuum. Prove this. 


. Prove that the pseudo-are (Example 130) is nonempty. 
_ Prove that the wheel without its hub (Example 132) is locally are 


connected. 


. Prove that the wheel without its hub (Example 132) is not Lindeléf. 
. Show that the wheel without its hub (Example 132) is not locally 


compact. 


. Show that the wheel without its hub (Example 132) is topologically 


complete, though not complete in the given metric. 


. Be heroic. Verify that the function o(x,y) in Example 134.8 is 


indeed a metric. 


. Verify that Sierpinski’s metric (Example 135) on a countable set 


satisfies the triangle inequality (axiom M, for a metric). 


. Show that Duncan’s space (Example 136) is not complete in the given 


metric. Is there a metric in which this space is complete? 


. Determine whether Duncan’s space (Example 136) is zero dimensional. 
. Fill in the missing details in the construction of the Cauchy comple- 


tion of a metric space (Example 137.1). 

Show that the plane with the post office metric (Example 139) is 
complete. Since it is not compact, it is not complete in every equiva- 
lent metric. Find a metric for this space which is not complete. 
Show that the radial metric (Example 140) really is a metric and that 
it yields a complete metric space. 

Show that the plane with the radial metric topology (Example 140) is 
not locally compact. 


NOTES 


Part I: Basic Definitions 


Section 1. GENERAL INTRODUCTION 


In the definition of a topological space, condition O3 is actually redun- 
dant since the union of an empty family of sets is empty, and the inter- 
section of an empty family of subsets of a set X is X itself. 


With the abbreviations introduced in Example 32.9 we can explicitly 
represent the semigroup of sets formed by complementation and closure 
(Table 2). The inclusion relations between these fourteen sets can be 


summarized by 
Ys 


f 
ae 
ra \, 


my 7 
“io Ue 


where larger sets are above smaller ones. 
The Tychonoff topology on the set. Il Xq is characterized by the fol- 
aGA 


lowing universal property: if Z is any topological space, and if 

fa: Z—> Xq are continuous there exists a unique continuous function 

f:Z7 1 X, such that w. Of = fa Indeed Il Xq with the Tychonoff 
€A aeA 


topology is the product in the category of topological spaces and con- 
tinuous mappings. Likewise the quotient space X/F is universal with 
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Table 2 
OPERATIONS TABLE 


i= identity e=~ 


m= fo 

"= complement f=0o' n=e 
o= interior g=o p—=go 
—== closure h=-o q=h- 


respect to continuous functions f: X — Y such that the relation defined 
by f on X extends R. That is, if p: X — X/R is the projection and 
jf: X — Y defines (by  ~ 2’ if f(x) = f(2’)) a relation which extends 2 
then there exists a unique continuous function f’: X/R — Y such that 
Sf’ Op =f. By the universality of p this condition characterizes X/R. 
Finally, the topological sum is characterized dually to the product by 
the inclusion functions of the summands, and thus is the sum or co- 
product in the category of topological spaces and continuous functions. 


When dealing with identification topologies the concept of a saturated 
set is often helpful. If f: X > Y, andif A C X, A iscalled a saturated 
subset if A = f-'(B) for some B in Y, that is, A is the complete in- 
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verse image of some subset of Y. The map p: X > X, /R is not generally 
open but it does take saturated open sets to open sets. 


It should be noted that the existence of any nonprincipal ultrafilters 
depends on the axiom of choice for the construction of ultrafilters uses 
Zorn’s lemma to produce at least one maximal ultrafilter containing 
a given filter. In Example 111, we construct many distinct ultrafilters ” 
on a countable set; in fact, we construct 2° ultrafilters of which only No 
can be principal. 


Section 2. SEPARATION AXIOMS 


Certain genera! constructions dealing with the separation axioms are 
worth special note because of their generality and effectiveness. Many 
others of more special applicability can be found among the examples. 
If one doubles the points of a space (technically this involves taking 
the product of the space with the two point indiscrete space) the re- 
sulting space is no longer To, Ti, or Ts, but clearly the new space 
satisfies the same higher T;-axioms as did the original space. More 
generally since for i < 33, the product of two spaces is T; iff each space 
is T;, we may use products to destroy certain selected T; properties. 


Properties T, and T; are often satisfied vacuously if the space X has 
no disjoint closed sets. The open extension topology (Example 16) is 
a general construction which accomplishes this. 


The results that a space is T; iff every subspace is T, and that every 
perfectly normal space is completely normal may be found in Gaal [19]. 


Section 3. COMPACTNESS 


A proof of Alexander’s subbasis theorem can be found in Gaal [19], 
p. 146. : 


It should be noted that our definition of countably compact requires 
that infinite sets have w-accumulation points, while most authors give 
a definition of countably compact. which is equivalent to our definition 
of weakly countably compact. Since in a T; space every limit point is an 
w-accumulation point it is clear that the two different definitions coin- 
cide in a T, space. Hence the theorems which correspond to the equiv- 
alences of CCy, CC2, CCs, and CC, usually involve the assumption that 
the space involved is T;. In particular the proof due to Arens and 
Dugundji [15], p. 229, that a space is compact iff it is both countably 
compact and metacompact does not need the assumption that the space 
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is T, if one defines countable compactness using w-accumulation points. 
Finally one should note that doubling the points of any space renders 
it weakly countably compact, for then every subsct has a limit point, 
namely, the twin of one of its points. Note that the space is no longer 
T, and in fact is still not countably compact if it were not so originally. 


3. The Venn diagram which relates the countability axioms and compact- 
ness omits the concept of separability since there are general means 
available to render each example separable or nonseparable, as desired. 
To make any space separable without affecting any of the other prop- 
erties involved in the Venn diagram one simply takes the closed exten- 
sion of that space (Example 12). The new point is then a dense subset. 
Conversely, to render the space nonscparable it is sufficient to take 
the product of the space with uncountable Fort space (Example 24) 
which is compact and nonseparable. The result will then have exactly 
the compactness properties of the original space but will no longer be 
separable. There are other useful tricks for producing certain desired 
alterations. We have already observed that the product of any space 
with the two point indiscrete space effectively doubles the points of the 
original space thus rendering it non-Hausdorff and all that that entails. 
Direct sums of two spaces often have a different variety of properties 
than either of the summands. And finally, the methods of the indiscrete, 
pointed, and discrete extensions (Examples 66-71) are frequently useful 
in dealing with the higher separation axioms. 


4. Further discussion of fully normal spaces together with proofs of the 
relation to normal and paracompact spaces can be found in Gaal [19]. 
Proofs of the T. and Ts implications concerning the compactness prop- 
erties can be found in Dugundji [15] and Gaal [19]. 


5. The product property lists separability as preserved under countable 
but not uncountable products. In fact, it is preserved under products 
of cardinality no greater than 2%; this is proved in Dugundji [15], p. 
175, and his proof is adapted in Example 103 to show that that product 
space is separable for \ < 2%. Dugundji also proves that every sepa- 
rable Hausdorff space has cardinality less than or equal to 27%. 


Section 4. CONNECTEDNESS 


1. The proof that local connectedness is preserved under certain contin- 
uous functions actually shows more. We observe that if the function 
maps saturated open sets (open sets which are complete inverse images 
of sets) to open sets then f preserves local connectedness. This condition 
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is always satisfied if the image of f bears the identification topology. 
From this viewpoint, the given proof merely asserts that any Haus- 
dorff image of a compact space bears the identification topology. 


Countable spaces have some interesting connectivity properties. If X 
is countable and T;, then it is not path connected for the inverse images 
of the points in the path would yield a decomposition of the closed unit 
interval into a denumerable number of closed disjoint subsets, a con- 
tradiction. If X is countable and connected it may not be Urysohn, for 
if it were Urysohn then there would be a nonconstant real-valued func- 
tion on X; the image of this function must be countable, hence not 
connected. The inverse images of two components of the image will 
then separate the original space. Finally, and trivially, no countable 
space or finite space with more than one point is arc connected. 


It should be noted that the three point space with the indiscrete topol- 
ogy is 2 biconnected space with no dispersion point. Miller’s example 
(Example 181) is of interest because it is Hausdorff. 


Section 5. METRIC SPACES 


As in metric spaces the sets B(z,<) = {y © X|d(z,y) < ¢} forma basis 
for a topology whenever d is either a pseudometric or a quasimetric. 
The topology resulting from a psuedometric is not necessarily T; for 
i < 3, but it is always T; and T; for the same reason that metric spaces 
ave T; and Ts. For example, the indiscrete topology is given by pseudo- 
metric d(z,y) = 0 for all z,y © X. Quasimetric spaces are discussed in 
Murdeshwar and Naimpally [35]. The compactness relations for metric 
spaces also hold for pseudometric spaces with the exception that weak 
countable compactness need not imply countable compactness, for this 
result depends on the T, axiom. 


It is shown in Pervin [40], p. 118 that in a totally bounded metric space 
every sequence contains a Cauchy subsequence. Thus if a totally 
bounded metric space is complete it is sequentially compact and hence 
compact. 


The Baire category theorem and several equivalent formulations are 
présented in Pervin [40], pp.127-128. Pervin also proves on p. 124 that 
all completions of a given metric space are isometric. 


That regular second countable spaces are necessarily metrizable was 
proved by Urysohn [51] in 1924. In 1950 Bing [10], Nagata [36], and 
Smirnov [44] showed that a space is metrizable iff it is regular and has a 
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o-locally finite base. The search for further metrizability conditions 
continues, centering around the normal Moore space conjecture. 


5. That a space is uniformizable iff it is Ty, was proved in 1937 by 
Weil (52). 


6. Niemytzki and Tychonoff [88] prove that a metric space is compact iff 
it is complete in each metric. 


18. 


23. 


26. 


Part Il: Examples 


In 18.10 we prove X is not path connected by using the fact that 
the unit interval cannot be written as a countable disjoint union 
of closed sets. Since this result is used repeatedly to show cer- 
tain spaces are not path connected, and since it is not usually 
proved in the standard texts, we prove it here. 


Suppose J = u C; where {C;} is a family of disjoint closed 


sets; let B = Uae; = I — UC ¢. Then B is nowhere dense in I 
since each subinterval J of I contains an open subset L disjoint 
from B. This follows from the fact that J is of second category, so 
some C; is dense in some open interval L C J; since C; is closed, 
LC Cy, so L(\B = @. Since B is nowhere dense in J, every 
open interval U containing a point z € dC; must intersect 
B ~ aC; for U, being a neighborhood of z, contains a point of 
I — Cj, say u © C,°. Then if UV BOC, = DO, Cae OU isa 
nonempty open and relatively closed subset of U. 

Now B itself is of second category (in itself) since it is a closed 
subset of J; thus some dC; is dense in some nonempty open subset . 
U (\ B (where U is an open interval in J). Again, since dC, is 
closed, this means that 8C, © U = BC\ U. But this isimpossible, 
since if UM aC, ¥ @, then UM (B — dC) # &. This con- 
tradiction shows that I cannot be written as UC;. 


Fort [18] introduced this as an example of a Hausdorff space in 
which some points do not have a local basis of nested sets. 


This more sophisticated type of Fort space is adapted from Arens 
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28. 


30. 


32. 


36. 


39. 


40. 


[6]. It is of interest particularly because it is a countable space 
which is not first countable. 


This discussion of the Euclidean real line is somewhat incomplete 
in that it provides sanctuary for several logical circularities. 
First of all, we refrain from asserting that the real line is path 
connected for such a statement, though true, would be lacking 
significance since a path is defined to be the image of part of the 
real line. Furthermore, the fact that the real line is connected, 
and that the intervals [a,b] are compact depends on the fact 
that the real line is complete, either in its order topology or in its 
metric. Since these completions are discussed later we chose to 
avoid using them in Example 28. A logically complete elementary 
discussion of the topological properties of the real line may be 
found in any introductory text on real analysis. 


The complete metric on the irrationals is adapted from Greever 
[21], p. 110, where he proves a more general result due to Alex- 
androff [1] that every G; subspace of a complete metric space is 
topologically complete. 


The sets in 32.9 are an explicit representation of the semigroup 
whose table is given earlier in these Notes. 


The assertion that Hilbert space is homeomorphic to the count- 
able infinite product of real lines was first proved by Anderson (3) 
in 1966. Anderson and Bing {4] provide an elementary, though 
lengthy proof of this result, together with a survey of related 
problems. 


Example 132 shows that the converse of 39.9 is false: a topologi- 
cal space in which every point is a cut point need not be an order 
topology. 


The proof in 40.12 that every continuous real-valued function on 
(0,2) is eventually constant is adapted from Dugundji [15], p. 81. 
This proof shows also that any continuous real-valued function 
on {0,Q] is also eventually constant, though this fact can be 
proved more directly by observing that if f(Q) = p, then f-(p) = 


IOBQ,1/n)) = Af-(B(p,1/n)), a countable intersection of 


neighborhoods of 2, which must contain some interval (a,Q]. 


Every metric space is perfectly normal, and if L were metrizable 
the proof in 45.4 would be unnecessary. But J is locally metriz- 
able and this observation provides the idea for the proof as given. 
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74, 
75. 


80. 


82, 


83. 
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This example was constructed by Alexandroff and Urysohn (2), 
pp. 71-72. 


This topology is a special case of a topology for any commutative 
ring with unit that is usually called the A-adic topology where A 
is an ideal of the ring R. We take as a basis of neighborhoods of 
zero the sets A*, the powers of the ideal A. We then take the set 
of cosets of these powers as the topology. R with this topology 
forms a topological group and thus is T iff ( A‘ = 0. In the 
fel 
case that R is Hausdorff the function d defined by d(r,s) = 2-+, 
where k is the largest power such that r — s € A¥*, defines a 
metric. 


The proof that the prime integer topology ¢ is locally connected 
is due to Kirch [27]. : 


Due to Alexandroff and Urysohn [2], p. 22. 


Bing [8] introduced this as an example of a countable connected 
Hausdorff space; the first such example was given by Urysohn 
[49]. Bing’s example, though connected, is not path connected, 
and the proof of this fact depends on the lemma proved above 
in the note for Example 18. 


Hewitt [24] credits Arens with constructing an example of this 
type; we present a modified version, and then a simplified version. 
Like Example 75, Arens square is a countable connected Haus- 
dorff space. 


The method of argument in 82.7 centers on a subtle but very 
useful application of the Baire category theorem: if ¢: is a positive 
number for each real number x then at least one of the sets 
S, = {x © Ries > 1/2} is not nowhere dense, so there is some 
interval (a,b) and some ip where {x € (a,b) |e: > 1/%9} is dense in 
(a,b). This method of attack is used often in proofs concerning 
paracompactness and metacompactness. 


This example is adapted from Bing [10], p. 182. He considers the 
case where the subset S is hereditarily Gs, that is, where S and 
each of its subsets is Gs. Now no set of cardinality c = 2% can 
have this property since any such set has 2¢ subsets, but there 
are only ¢ G; sets. So the existence of an uncountable hereditarily 
G; set depends on the denial of the continuum hypothesis. 
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84. 


85. 
88. 


89. 


90. 


92. 


93. 


Sorgenfrey [45] used this example to show that paracompactness 
is not necessarily preserved even by finite products. 


This example is due to Michael [31]. 


This example is adapted from Alexandroff and Urysohn [2], 
p. 26. 


‘This space was introduced by Dieudonne [13] in the same article 
in which he formulated the definition of a paracompact space. 


‘The Tychonoff corkscrew was constructed by Arens and reported 
by Hewitt (24]. Greever [21] presents a lengthy exposition of the 
details of this example on pp. 77-79. Our presentation is a signifi- 
cant geometric rearrangement of the original, and our proofs 
rely more heavily on geometric intuition. Both Hewitt and 
Greever present the space as a cube with certain identifications 
along the edges; we have simply unfolded the cube into a 
corkscrew. 


This example, very complex yet very significant, was constructed 
by Hewitt [24] using a condensation process first described by 
Urysohn [50]. As in the previous example, we have relied heavily 
on a geometric analogy in order to present a clear description. 

To appreciate the significance of this example, we should con- 
sider the relations between cardinality and connectedness. Any 
Urysohn space has a nonconstant map to the real line, so if it 
were connected, its image would be an interval with cardinality c. 
‘Thus connected Urysohn spaces have cardinality > c. Urysohn 
{50] showed that connected regular spaces must be uncountable 
{a separation of a countable regular space can be constructed by 
induction), and also that there exist countable connected Haus- 
dorff spaces. 

Now the absence of any nonconstant continuous real-valued 
functions is a very strong form of connectedness which cannot 
oceur in Urysohn spaces; we will call such spaces strongly con- 
nected. Hewitt’s example shows that regular spaces may be 
strongly connected. Figure 13 indicates the relations between 
these concepts, with the designation of certain significant counter- 
examples. For simplicity here, we assume the continuum 
hypothesis. 


This is an adaptation of an example given by Thomas [49]; by 
translating his example into planks and corkscrews, we hope to 
make clear the similarity between Thomas’ example and 
Tychonoff’s. 


95-97. 


98. 
99-100. 


101. 
103. 


107. 


110. 
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Each of these examples is from Alexandroff and Urysohn (2), 
pp. 6, 13. 


This example was first given by Appert [5] in 1934. 


Both of these spaces are adaptations of examples developed by 
Ramanathan in [41] and {42}. 


Not strongly connected 
Not connected (62) 
Sap une oe oe eet ee ge wl 
Prausdort (1) 
i. Rema 7 
| 
| ! 
Countable \ 
! | 
' | 
| | 
! | 
| { 
Urysohn | 
i | 
| 
(28) | (78) \ 
—— 
(92) | 
aac | | 
| | 
fe ee ot en | 


Regular = Hausdorff Strongly connected = Connected 
Urysohn =~ Hausdorff 
Regular and connected = Uncountable 


Connected but not strongly connected = Cardinality 2 c. 


Urysohn ~ Not strongly connected 


Figure 13. 


From Alexandroff and Urysohn [2], p. 15. 


The proof in 103.3 that X, is separable whenever \ < 2™ is a 
special application of a proof in Dugundji [15], p. 175 that sep- 
arability is preserved under products of cardinality < 2%, The 
proof in 103.6 that X) is not normal is adapted from Stone [46]. 


The treatment of Helly space is motivated by a problem in 
Kelly [26], p. 164. 


Most of the material about 6X in its ultrafilter guise is adapted 
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Mil. 


112. 
113, 


119. 


124. 


125. 


126. 


from Gillman and Jerison [20], Chapters 6 and 9. The original 
ideas are primarily due to Stone [47]. The method in Cech [12] is 
similar to the view of 8X as a subspace of a product space. The 
characterizing and mapping properties of 8X described in 110.3 
express the fact that @ is a functor from the category of completely 
regular spaces to itself whose range is compact Hausdorff spaces, 
and that / is a natural transformation from the identity to 8. 


This discussion in 111.4 is from Gillman and Jerison [20]. In 
particular the claim that B, satisfies the finite intersection prop- 
erty is proved there in detail. 


‘This example is due to J. Novak (39]. 


Notice that in this topology the closure of a basis set is the same 
as its closure in the Stone-Cech compactification. As with the 
various dense extension topologies this renders the space not T3. 
This is a frequent occurrence that in an expanded topology the 
closures of open sets remain unchanged. 


The special infinite broom of 119.4 is adapted from Hocking and 
Young [23], p. 113 where a similar space is used to illustrate the 
concept of connected im kleinen. 


The construction in this example is due to Hocking and Young 
{23}, p. 110 who modified an idea of Bernstein [7]. Two aspects of 
this example are worth further comment. In the construction we 
assume that every nondegenerate closed connected subset of the 
plane has the cardinality ¢ of the continuum. To see this we 
merely consider the image of such sets under nonconstant contin- 
uous maps to the real line. Such images must be connected, so 
must be nondegenerate intervals which have cardinality c. Thus 
the original connected closed subset has cardinality c. 

Secondly, in 124.3, we use the obvious but subtle fact that 
every set which separates the plane must contain a nondegenerate 
closed connected set. This follows directly from the theorem (see, 
for instance, Newman [37], p. 124) that every component of the 
complement of a connected open subset of the plane has a con- 
nected boundary. The complement of the union of two disjoint 
open subsets of the plane will always contain some such boundary. 


Further details, particularly concerning 125.4, can be found in 
Gustin [22]. 


From Roy [48]. 


128. 


130. 


131. 


133. 


136. 
141, 
142. 
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This example is from Knaster and Kuratowski [28], p. 241, a 
paper which contains many similar examples. 


The history of indecomposable continua may be traced back to 
Janiszewski [25] whose example is rather different from the one 
presented here. Our example is presented by Bing [9] though we 
call it a pseudo-are which was the term used by Moise [83], for 
a different description of the same space. The footnotes in Moise 
and Miller [32] give a good survey of the basic literature dealing 
with the unusual properties of indecomposable continua. 


For the extended proof that such an inductive construction can be 
performed one should see Miller [32]. It appears that the inde- 
composable continuum K of this example may be constructed in 
the spirit of Bing [9] and Moise |33]. It is necessary to keep certain 
links of the chains long, but thin, and to adapt the arguments of 
Bing [9] to use arguments about adjacent pairs of chains as used 
by Moise to prove such a continuum is indecomposable. Our 
proofs that X is biconnected and has no dispersion point are 
adopted from Miller. 


This example was constructed by Tangora [48] as the solution to 
a Monthly problem. 


This is adapted from Duncan [16]. 
This is one of many examples in Bing [10}. 


The space (X,c) is also from Bing [10] who introduced it as an 
example of a normal! space which is not collectionwise normal. 
Michael [30] selected the subspace Y to be metacompact. That 
normal metacompact spaces are countably paracompact was 
proved by Morita [34]. These papers discuss at length several 
areas beyond the scope of this book, all related to the metrization 
problem, It remains, for instance, an open question of whether 
the assumption of metacompactness is essential in Morita’s 
theorem: do there exist any normal spaces which are not count- 
ably paracompact? Dowker [14] shows that this is equivalent 
to the unsolved problem of whether the product of a normal space 
with the closed unit interval is normal. Engelking [17] contains a 
thorough discussion of this topic with extensive bibliography. 
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Accumulation point, of a sequence, 5 
wo, 5 

Adherent point, 5 : 

Alexander’s compactness theorem, 18 

Alexandroff plank, 107 

Alexandroff square, 120 

Appert space, 117 

Are, 29 

Are component, 29 

Are connected, 29 

Arens-Fort space, 54 

Arens square, 98 


Baire category theorem, 25, 37, 197 
Baire metric, 123, 124 
Ball (open), 34 
Base, of a filter, 9 
of a topogy, 4 
o-locally finite, 37 
symmetric (for a quasiuniformity), 
38 : 
Basis, 4 
equivalent, 4 
local, 4 
Bernstein’s connected sets, 142 
Biconnected, 33 
Bijective function, 8 
Bing’s space, 157 
Boundary, 6 
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Bounded, 36 
totally, 36 


Cantor set, 57 
Category, first, 7 

second, 7 
Cauchy completion, 154 
Cauchy sequence, 36 
Closed extension topology, 44 
Closed function, 8 
Closed set, 3 
Closure, 6 
Cluster point, 10 
Coarser filter, 10 
Couarser topology, 3 
Cofinite topology, 49 
Compact, 4, 18 

countably, 19 

locally, 20 

meta-, 23 

para-, 23 

pre-, 36 

pseudo-, 20 

sequentially, 19 

o-, 19 

o-locally, 21 

strongly locally, 20 

weakly countably, 19 
Compactification, one point, 63 

Stone-Cech, 129 
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Comparable filters, 10 
Comparable topologies, 3 
Compatible uniformities, 38 
Complete, 36 

order, 67 

topologically, 37 
Completely Hausdorff, 13 
Completely normal, 12 
Completely regular, 14 
Completely separable, 7 
Completion, 37 

Cauchy, 154 
Component, 28 

are, 29 

path, 29 

quasi-, 29 
Composant, 33 
Condensation point, 5 
Connected, arc, 29 

hyper-, 29 

locally, 30 

locally are, 30 

locally path, 30 

path, 29 

strongly, 198 

ultra-, 29 
Connected between two points, 29 
Connected im kleinen, 200 
Connected in X, 28 
Connected set, 7, 28 
Connected space, 28 
Continua, 33 
Continuous function, 7 
Continuous at a point, 8 
Continuum hypothesis, 50, 197 
Convergence of a filter, 10 
Convergence of a sequence, 5 
Countable, first, 7, 22 

second, 7, 22 
Countable chain condition, 22 
Countably compact, 19 
Countably metacompact, 23 
Countably paracompact, 23 
Cover, open, 4 

refinement of, 22 
Cube, Hilbert, 65 


Cut point, 33 
Cylinders, open, 8 


Degenerate, 28 
Dense-in-itself, 6 
Dense set, 7 
Derived set, 5 
Diagonal, 38 
Diameter, 36 


Dieudonne plank, 108 
Disconnected, extremally, 32 


totally, 31 


totally pathwise, 31 


Discrete metric, 41 


Discrete topology, 41 
Diserete uniformity, 42 


Dispersion point, 33 
Distance, 34 


Double pointing, 51, 191 


Dunean’s space, 153 


Entourage, 38 
symmetric, 38 
e-net, 36 


Equivalent, topologically, 8 


Equivalent bases, 4 


Equivalent subbasis, 4 
Euclidean topology, 56 


Expansion, 15 
Exterior, 7 


Extremally disconnected, 32 


Filter, 9 
coarser, 10 
comparable, 10 
convergence of, 10 
finer, 9 
limit point of, 10 
neighborhood, 10 
strictly coarser, 10 
strictly finer, 10 - 
Filter base, 9 
limit of, 10 
Filtered by, 9 
Filtered set, 9 
Finer filter, 9 
Finer topology, 3 


Finite complement topology, 49 
Finite intersection axiom, 18 
Finite intersection property, 9 
First category, 7 
First countable, 7, 22 
Fixed ultrafilter, 10 
Fort space, 52 
Fréchet product metric, 64, 152 
Fréchet space, 11, 64 
Free ultrafilter, 10 
Frontier, 6 
F,-set, 3 
Fully normal, 23 
Fully T,, 23 
Function, bijective, 8 
closed, 8 
continuous, 7 
open, 8 
Urysohn, 13 


G,-set, 4 
Gustin’s space, 142 


Half-open interval topology, 75 
Half-open square topology, 103 
Hausdorff space, 11 

completely, 13 
Hausdorfi’s metric, 154 
Helly space, 127 
Hereditary, 4 

weakly, 4 
Hewitt’s condensed corkscrew, 111 
Hilbert cube, 65 
Hilbert space, 64 
Homeomorphie, 8 
Homeomorphism, 8 
Hyperconnected, 29 


Identification topology, 9 
Indecomposable, 33 
Indiscrete topology, 42 
Induced topology, 4 
Interior, 6 

Interval topology, 66 
Invariant, topological, 8 
Irrational numbers, 59 
Trreducible subcovering, 23 
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Isolated point, 6 
Isometric, 37 


Kolmogorov space, 11 


Larger topology, 3 
Lexicographie order, 73 
Limit point, 5 

of a filter, 10 

of a filter base, 10 

of a sequence, 5 
Lindeléf, 19 
Local basis, 4 
Locally are connected, 30 
Locally compact, 20 
Locally connected, 30 
Locally finite refinement, 22 
Locally path connected, 30 
Long line, 71 
Lower limit topology, 75 


Meager, 7 
Metacompact, 23 
countably, 23 
Metric, 34 
Baire, 123, 124 
discrete, 41 
Fréchet, 64, 152 
Hausdorff, 154 
product, 64, 152 
Sierpinski, 152 
Metric space, 34 
Metrizable, quasiuniform space, 38 
topological space, 37 
Michael’s subspace, 157 
Michael’s topology, 105 
Miller’s set, 148 


Neighborhood, 4 

open, 4 
Neighborhood filter, 10 
Nested sequence of sets, 37 
Net, €-, 36 
Niemytzki’s topology, 100 
Nonprincipal ultrafilter, 10 
Normal, 12 
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Normal (continued) 
completely, 12 
fully, 23 
perfectly, 16 
Notes, 189 
Novak space, 134 
Nowhere dense set, 7 
Numbers, irrational, 59 
rational, 59 


w-accumulation point, 5 
Open ball, 34 

Open cover, 4 

Open cylinder, 8 

One point compactification, 63 
Open extension topology, 47 
Open function, 8 

Open neighborhood, 4 
Open set, 3 

Order topology, 66 

Ordinal space, 68 


p-adic topology, 81 
Paracompact, 23 
countably, 23 
pointwise, 23 
Particular point topology, 44 
Path, 29 
Path component, 29 
Path connected, 29 
Perfect set, 6 
Perfectly normal, 16 
Perfectly separable, 7 
Perfectly T,, 16 
Plank, Alexandroff, 107 
Dieudonné, 108 
Thomas’, 113 
Point, adherent, 5 
cluster, 10 
eondensation, 5 
cut, 33 
dispersion, 33 
isolated, 6 
limit, 5 
w-accumulation, 5 
Point finite refinement, 22 
Pointwise paracompact, 23 


Precompact, 36 

Principal ultrafilter, 10 

Problems, 181 

Product invariance properties, 26 

Product metric, 64, 152 

Product space, 8 

Pseudo-are, 147 

Pseudocompact, 20 

Pseudometric, 34 

Pseudometrizable (quasiuniform 
space), 38 

Punctiform, 33 


Quasicomponent, 29 
Quasimetric, 34 
Quasiuniform space, 38 
Quasiuniformity, 37 
separated, 38 
Quasiuniformizable, 38 
Quotient space, 9 


Rational numbers, 59 
Reference charts, 161-171 
compactness, 164 
connectedness, 167 
disconnectedness, 168 
metrizability, 169 
paracompactness, 166 
separation axiom, 163 
Refinement, 22 
locally finite, 22 
point finite, 22 
star, 23 
Regular, 12 
completely, 14 
semi-, 17 
Regular closed set, 6 
Regular open set, 6 
Relation, 38 
Relative to, 4 
Relative topology, 4 
Right half-open interval topology, 75 
Right order topology, 74 
Roy’s space, 143 


Saturated set, 190 
Scattered, 33 


Second category, 7 
Second countable, 7, 22 
Semiregular, 17 
Separable, 7, 21 
completely, 7 
perfectly, 7 
Separated, 28 
totally, 32 
Separated by open sets, 11 
Separated quasiuniformity, 38 
Separated sets, 7 
Separation, 28 
Separation axioms, 11, 191 
Sequence, accumulation point of, 5 
Cauchy, 36 
convergence of, 5 
limit point of, 5 
Set, Bernstein’s connected, 142 
boundary of, 6 
Cantor, 57 
closed, 3 
closure of, 6 
connected, 7, 28 
dense, 7 
derived, 5 
exterior of, 7 
filtered, 9 
first category, 7 
frontier of, 6 
F,-, 3 
G;-, 4 
interior of, 6 
meager, 7 
Miller’s, 148 
nested sequence of, 37 
nowhere dense, 7 
open, 3 
perfect, 6 
regular closed, 6 
regular open, 6 
saturated, 190 
separated, 7 
Sequentially compact, 19 
Sierpinski metric, 152 
Sierpinski space, 44 
o-compact, 19 
g-locally compact, 21 
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o-locally finite base, 37 
Smaller topology, 3 
Smirnov’s topology, 86 
Sorgenfrey’s topology, 103 
Space, Appert, 117 
Arens-Fort, 54 
Bing’s 157 
completely Hausdorff, 13 
completely normal, 12 
connected, 28 
Dunean’s, 153 
Fort, 52 
Fréchet, 11 
Gustin’s, 142 
Hausdorff, 11 
Helly, 127 
Hilbert, 64 
Kolmogorov, 11 
metrie, 34 
normal, 12 
Novak, 134 
ordinal, 68 
product, 8 
quasiuniform, 38 
quotient, 9 
regular, 12 
Roy’s, 143 
semiregular, 17 
separable, 7 
Sierpinski, 44 
T,, 11 
Tangora’s, 150 
topological, 3 
Tychonoff, 14 
Urysohn, 16 
Spee A, 79 
Square, Alexandroff, 120 
Arens, 98 
Star, 23 
Star refinement, 23 
Stone-Cech compactification, 129 
Strictly coarser filter, 10 
Strictly finer filter, 10 
Stronger topology, 3 
Strongly connected, 198 
Strongly locally compact, 20 
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Subbase, of a filter, 9 

of a topology, 4 
Subbasis, 4 

equivalent, 4 
Subcovering, irreducible, 23 
Subspace, 4 

Michael’s, 157 
Subspace topology, 4 
Sum, topological, 9 
Symmetric base (for a quasiuniform- 

ity), 38 

Symmetric entourage, 38 


T, space, 11 
T,, fully, 23 

perfectly, 16 
Tangent disc topology, 100 
Tangora’s space, 150 
Thomas’ corkscrew, 113 
Thomas’ plank, 113 
Tietze extension theorem, 20 
Topological invariant, 8 
Topological property, 8 
Topological space, 3 
Topological sum, 9 
Topologically complete, 37 
Topologically equivalent, 8 
Topologists’s sine curve, 137 
Topology, 3 

closed extension, 44 

coarser, 3 

cofinite, 49 

comparable, 3 

diserete, 41 

Euclidean, 56 

finer, 3 

finite complement, 49 

half-open interval, 75 

half-open square, 103 

identification, 9 

indiserete, 42 

induced, 4 

interval, 66 

larger, 3 

lower limit, 75 

Mfichael’s, 105 


Niemytzki’s, 100 

open extension, 47 

order, 66 

p-adic, 81 

particular point, 44 

relative, 4 

right half-open interval, 75 

right order, 74 

smaller, 3 

Smirnov, 86 

Sorgenfrey’s, 103 

stronger, 3 

subspace, 4 

tangent disc, 100 

Tychonoff, 8, 189 

usual, 56 

weaker, 3 
Totally bounded, 36 
Totally disconnected, 31 
Totally pathwise disconnected, 31 
Totally separated, 32 
Tychonoff corkscrew, 109 
Tychonoff plank, 106 
Tychonoff space, 14 
Tychonoff theorem, 26 
Tychonoff topology, 8, 189 


Ultraconnected, 29 
Ultrafilter, 10 
fixed, 10 
free, 10 
nonprincipal, 10 
principal, 10 
Uniformity, 38 
compatible, 38 
discrete, 42 
Urysohn function, 13 
Urysohn lemma, 13 
Urysohn space, 16 
Usual topology, 56 


Weaker topology, 3 
Weakly countably compact, 19 
Weakly hereditary, 4 


Zero dimensional, 33 


